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[bookmark: _GoBack]R syntax and output for Chapter 9: Structural Equation Modeling I: Path Analysis
Much of the material in this document builds on the R syntax and output from earlier chapters. If necessary, refer back to those documents for reminders.

Begin by importing the 'lennox.dat' file (for the social support and depression example) into R:
#setwd()
ch9data <- read.table("lennox.dat", header=T)

As always, one should graph the data and inspect descriptive stats before fitting models:
library(car)
library(psych)
scatterplotMatrix(ch9data, smoother=F, reg.line=F, col="black")
[image: ch9_files/figure-docx/unnamed-chunk-2-1.png]
cor(ch9data)
##                   cesd       pass         size   density  homophily
## cesd       1.000000000 -0.4299966 -0.009995912 0.1699216  0.2400500
## pass      -0.429996627  1.0000000  0.120003350 0.1899979 -0.3100571
## size      -0.009995912  0.1200034  1.000000000 0.3900056  0.2898771
## density    0.169921556  0.1899979  0.390005615 1.0000000  0.2998882
## homophily  0.240049997 -0.3100571  0.289877064 0.2998882  1.0000000
describe(ch9data)
##           vars   n mean   sd median trimmed   mad    min   max range  skew
## cesd         1 214 15.4 10.2  15.53   15.43 10.35 -18.54 43.67 62.21 -0.10
## pass         2 214 30.7  8.3  30.25   30.50  7.39  10.38 61.81 51.44  0.35
## size         3 214  3.2  1.5   2.97    3.19  1.50  -0.64  6.81  7.45  0.07
## density      4 214  0.8  0.3   0.79    0.79  0.31  -0.03  1.63  1.66  0.16
## homophily    5 214  0.5  0.3   0.51    0.50  0.29  -0.46  1.14  1.59 -0.17
##           kurtosis   se
## cesd          0.27 0.70
## pass          0.68 0.57
## size         -0.31 0.10
## density      -0.29 0.02
## homophily    -0.03 0.02
The scatterplots reproduce Figure 9.10, indicating that the variables are weakly to moderately associated; the correlations among the variables (reported in Table 9.1) are consistent with this observation.
The univariate distributions are approximately normal (univariate skewness and kurtosis values are relatively low). The 'cesd' and 'pass' variables have notably different scales (much larger standard deviations) than the other variables.

Model specification
These examples use the 'lavaan' package to estimate SEMs. Other prominent packages for SEM include 'sem' and 'OpenMx':
library(lavaan)
To estimate a model with lavaan, the model first needs to be specified by creating a simple text string which follows a particular format that lavaan can interpret.
Here is how to specify the path model in Figure 9.7 for subsequent estimation using lavaan:
ch9mod <- 'cesd ~ pass
           pass ~ size + density + homophily
          '
Above, notice that the entire text string above is enclosed in quote marks. This text string is assigned to an object named 'ch9mod'.
In the text string, two regression equations (one for each endogenous variable in the model) are specified in the same manner as wth the 'lm' function for OLS regression. Each regression equation gets its own line in the text string.
Thus, the syntax above indicates that in the 'ch9mod' object, the 'cesd' variable is regressed on the 'pass' variable, while in another equation 'pass' is regressed on 'size', 'density', and 'homophily'.
It is not necessary to specify explicitly the covariances among the exogenous variables or the endogenous variable error variances; lavaan will include these parameters by default.
Other model specifications
Specification of the model in Figure 9.1:
Fig9.1mod <- 'cesd ~ pass
             '
Figure 9.2 model:
Fig9.2mod <- 'pass ~ size + density + homophily
              '
Figure 9.3 model:
Fig9.3mod <- 'Y1 ~ X1 + X2
              Y2 ~ X1 + X2
              Y1 ~~ 0*Y2
              '
The last line of the test string above specifies that the error covariance parameter between the two endogenous variables, Y1 and Y2, is fixed to zero.
In general, the double-tilde operator (~~) is used to refer to variance and covariance parameters. For this partiular model, lavaan wants to free the error covariance parameter; the last line above prevents that parameter from being free by constraining it to 0 explicitly.
Thus, to sepcify the model of Figure 9.4, only the two regression equations need to be written, thereby accepting the default to allow the error covariance to be free:
Fig9.4mod <- 'Y1 ~ X1 + X2
              Y2 ~ X1 + X2
              '
Always check the output of the estimated model to make sure that the model contains the correct error covariance parameters and does not contain any freed covariances which were intended to be fixed to 0.
Figure 9.5 model, simple indirect effect/mediation model:
Fig9.5mod <- 'Y1 ~ X
              Y2 ~ X + Y1
              '
Figure 9.6 model:
Fig9.6mod <- 'Y1 ~ X
              Y2 ~ X
              Y3 ~ X + Y1 + Y2
              '

Model estimation and fit assessment
The main lavaan function for estimating a model is 'sem'. Below, the 'sem' function is called to estimate the model speciifed in the text string object 'ch9mod' using the 'ch9data' data frame. By default, the 'sem' function uses maximum likelihood estimation:
ch9modML <- sem(ch9mod, data=ch9data)
Next, the results of the fitted model can be obtained using the 'summary' method. To obtain model fit stats in addition to the chi-square test, it is necessary to include the 'fit.measures=TRUE' option:
summary(ch9modML, fit.measures=T)
## lavaan (0.5-23.1097) converged normally after  38 iterations
## 
##   Number of observations                           214
## 
##   Estimator                                         ML
##   Minimum Function Test Statistic               19.228
##   Degrees of freedom                                 3
##   P-value (Chi-square)                           0.000
## 
## Model test baseline model:
## 
##   Minimum Function Test Statistic              110.874
##   Degrees of freedom                                 7
##   P-value                                        0.000
## 
## User model versus baseline model:
## 
##   Comparative Fit Index (CFI)                    0.844
##   Tucker-Lewis Index (TLI)                       0.635
## 
## Loglikelihood and Information Criteria:
## 
##   Loglikelihood user model (H0)              -1959.309
##   Loglikelihood unrestricted model (H1)      -1949.695
## 
##   Number of free parameters                          6
##   Akaike (AIC)                                3930.617
##   Bayesian (BIC)                              3950.813
##   Sample-size adjusted Bayesian (BIC)         3931.801
## 
## Root Mean Square Error of Approximation:
## 
##   RMSEA                                          0.159
##   90 Percent Confidence Interval          0.096  0.230
##   P-value RMSEA <= 0.05                          0.003
## 
## Standardized Root Mean Square Residual:
## 
##   SRMR                                           0.071
## 
## Parameter Estimates:
## 
##   Information                                 Expected
##   Standard Errors                             Standard
## 
## Regressions:
##                    Estimate  Std.Err  z-value  P(>|z|)
##   cesd ~                                              
##     pass             -0.528    0.076   -6.967    0.000
##   pass ~                                              
##     size              0.785    0.375    2.096    0.036
##     density           7.295    1.879    3.882    0.000
##     homophily       -11.904    1.808   -6.584    0.000
## 
## Variances:
##                    Estimate  Std.Err  z-value  P(>|z|)
##    .cesd             84.407    8.160   10.344    0.000
##    .pass             54.818    5.299   10.344    0.000
Consistent with the results reported in Chapter 9, the output above indicates that the model does not fit well according to RMSEA, CFI, and TLI, although the SRMR value is not bad.
Notice that the output above reports TLI = .64 and CFI = .84, which are the values given in footnote 10 but differ from the CFI and TLI values reported in the main text. One way to obtain CFI and TLI values based on a null model with uncorrelated exogenous variables is to add the 'mimic="EQS"' option to the model estimation:
ch9modML2 <- sem(ch9mod, mimic="EQS", data=ch9data)
summary(ch9modML2, fit.measures=T)
## lavaan (0.5-23.1097) converged normally after  47 iterations
## 
##   Number of observations                           214
## 
##   Estimator                                         ML
##   Minimum Function Test Statistic               19.138
##   Degrees of freedom                                 3
##   P-value (Chi-square)                           0.000
## 
## Model test baseline model:
## 
##   Minimum Function Test Statistic              173.991
##   Degrees of freedom                                10
##   P-value                                        0.000
## 
## User model versus baseline model:
## 
##   Comparative Fit Index (CFI)                    0.902
##   Tucker-Lewis Index (TLI)                       0.672
## 
## Loglikelihood and Information Criteria:
## 
##   Loglikelihood user model (H0)              -1961.815
##   Loglikelihood unrestricted model (H1)      -1952.201
## 
##   Number of free parameters                         12
##   Akaike (AIC)                                3947.629
##   Bayesian (BIC)                              3987.965
##   Sample-size adjusted Bayesian (BIC)         3949.940
## 
## Root Mean Square Error of Approximation:
## 
##   RMSEA                                          0.159
##   90 Percent Confidence Interval          0.096  0.230
##   P-value RMSEA <= 0.05                          0.003
## 
## Standardized Root Mean Square Residual:
## 
##   SRMR                                           0.071
## 
## Parameter Estimates:
## 
##   Information                                 Expected
##   Standard Errors                             Standard
## 
## Regressions:
##                    Estimate  Std.Err  z-value  P(>|z|)
##   cesd ~                                              
##     pass             -0.528    0.076   -6.951    0.000
##   pass ~                                              
##     size              0.785    0.375    2.091    0.037
##     density           7.295    1.884    3.873    0.000
##     homophily       -11.904    1.812   -6.569    0.000
## 
## Covariances:
##                    Estimate  Std.Err  z-value  P(>|z|)
##   size ~~                                             
##     density           0.176    0.033    5.303    0.000
##     homophily         0.130    0.032    4.063    0.000
##   density ~~                                          
##     homophily         0.027    0.006    4.192    0.000
## 
## Variances:
##                    Estimate  Std.Err  z-value  P(>|z|)
##    .cesd             84.803    8.217   10.320    0.000
##    .pass             55.075    5.337   10.320    0.000
##     size              2.250    0.218   10.320    0.000
##     density           0.090    0.009   10.320    0.000
##     homophily         0.090    0.009   10.320    0.000
Now, the CFI = .90 and TLI = .67, as reported in the main text.
Because model fit is not quite acceptable, we should hold off on interpreting the parameter estimates and instead proceed to model revision.

Model revision
The standardized residual covariances, in the Z metric, of the model estimated above can be viewed with
resid(ch9modML2, type='standardized')
## $type
## [1] "standardized"
## 
## $cov
##           cesd  pass  size  densty hmphly
## cesd         NA                          
## pass         NA    NA                    
## size      0.681    NA    NA              
## density   4.098    NA    NA    NA        
## homophily 1.773    NA    NA    NA     NA 
## 
## $mean
##      cesd      pass      size   density homophily 
##         0         0         0         0         0
Residual correlations can be obtained with
resid(ch9modML2, type='cor')
## $type
## [1] "cor.bentler"
## 
## $cor
##           cesd  pass  size  densty hmphly
## cesd      0.000                          
## pass      0.000 0.000                    
## size      0.042 0.000 0.000              
## density   0.252 0.000 0.000 0.000        
## homophily 0.107 0.000 0.000 0.000  0.000 
## 
## $mean
##      cesd      pass      size   density homophily 
##         0         0         0         0         0
The results above are consistent with those in Table 9.2.
Modificiation indices can be viewed with
modindices(ch9modML2)
##          lhs op       rhs     mi     epc sepc.lv sepc.all sepc.nox
## 13      cesd ~~      pass  1.136 -11.117 -11.117   -0.131   -0.131
## 14      cesd  ~      size  0.461   0.287   0.287    0.042    0.028
## 15      cesd  ~   density 17.245   8.875   8.875    0.261    0.870
## 16      cesd  ~ homophily  3.309   4.015   4.015    0.118    0.394
## 17      pass  ~      cesd  1.136  -0.131  -0.131   -0.161   -0.161
## 18      size  ~      cesd  1.278  -0.011  -0.011   -0.078   -0.078
## 22   density  ~      cesd 16.042   0.008   0.008    0.281    0.281
## 26 homophily  ~      cesd  0.656   0.002   0.002    0.063    0.063

Revised model
The text string below specifies the revised social support and depression model shown in Figure 9.12:
ch9modR <- 'cesd ~ pass + density
            pass ~ size + density + homophily
           '
Now to estimate the model (again using ML, by default):
ch9modRML <- sem(ch9modR, data=ch9data)
And view the results summary; notice that the 'rsquare=T' option is added so that the output contains R2 statistics for each endogenous variable and the 'ci=T' option is used to obtain confidence intervals for each parameter estimate (95% by default):
summary(ch9modRML, fit.measures=T, rsquare=T, ci=T)
## lavaan (0.5-23.1097) converged normally after  49 iterations
## 
##   Number of observations                           214
## 
##   Estimator                                         ML
##   Minimum Function Test Statistic                1.248
##   Degrees of freedom                                 2
##   P-value (Chi-square)                           0.536
## 
## Model test baseline model:
## 
##   Minimum Function Test Statistic              110.874
##   Degrees of freedom                                 7
##   P-value                                        0.000
## 
## User model versus baseline model:
## 
##   Comparative Fit Index (CFI)                    1.000
##   Tucker-Lewis Index (TLI)                       1.025
## 
## Loglikelihood and Information Criteria:
## 
##   Loglikelihood user model (H0)              -1950.319
##   Loglikelihood unrestricted model (H1)      -1949.695
## 
##   Number of free parameters                          7
##   Akaike (AIC)                                3914.638
##   Bayesian (BIC)                              3938.200
##   Sample-size adjusted Bayesian (BIC)         3916.019
## 
## Root Mean Square Error of Approximation:
## 
##   RMSEA                                          0.000
##   90 Percent Confidence Interval          0.000  0.118
##   P-value RMSEA <= 0.05                          0.685
## 
## Standardized Root Mean Square Residual:
## 
##   SRMR                                           0.014
## 
## Parameter Estimates:
## 
##   Information                                 Expected
##   Standard Errors                             Standard
## 
## Regressions:
##                    Estimate  Std.Err  z-value  P(>|z|) ci.lower ci.upper
##   cesd ~                                                                
##     pass             -0.589    0.074   -7.957    0.000   -0.735   -0.444
##     density           8.875    2.049    4.331    0.000    4.859   12.892
##   pass ~                                                                
##     size              0.785    0.375    2.096    0.036    0.051    1.519
##     density           7.295    1.879    3.882    0.000    3.612   10.978
##     homophily       -11.904    1.808   -6.584    0.000  -15.448   -8.360
## 
## Variances:
##                    Estimate  Std.Err  z-value  P(>|z|) ci.lower ci.upper
##    .cesd             77.605    7.502   10.344    0.000   62.901   92.309
##    .pass             54.818    5.299   10.344    0.000   44.431   65.204
## 
## R-Square:
##                    Estimate
##     cesd              0.251
##     pass              0.201
In the output above, RMSEA, CFI, TLI, and SRMR all indicate excellent model fit.
The parameter estimates, standard errors, confidence intervals, and Z tests match the results in Table 9.3.
It's important to understand that the estimates under "Variances" represent residual variances for the endogenous variables 'cesd' and 'pass'.
GLS estimation
A model can be estimated using GLS instead of the default ML estimator with the 'estimator="GLS"' argument:
ch9modRGLS <- sem(ch9modR, estimator="GLS", data=ch9data)
summary(ch9modRGLS, fit.measures=T, rsquare=T, ci=T)
## lavaan (0.5-23.1097) converged normally after  65 iterations
## 
##   Number of observations                           214
## 
##   Estimator                                        GLS
##   Minimum Function Test Statistic                1.232
##   Degrees of freedom                                 2
##   P-value (Chi-square)                           0.540
## 
## Model test baseline model:
## 
##   Minimum Function Test Statistic               77.791
##   Degrees of freedom                                 7
##   P-value                                        0.000
## 
## User model versus baseline model:
## 
##   Comparative Fit Index (CFI)                    1.000
##   Tucker-Lewis Index (TLI)                       1.038
## 
## Root Mean Square Error of Approximation:
## 
##   RMSEA                                          0.000
##   90 Percent Confidence Interval          0.000  0.118
##   P-value RMSEA <= 0.05                          0.688
## 
## Standardized Root Mean Square Residual:
## 
##   SRMR                                           0.015
## 
## Parameter Estimates:
## 
##   Information                                 Expected
##   Standard Errors                             Standard
## 
## Regressions:
##                    Estimate  Std.Err  z-value  P(>|z|) ci.lower ci.upper
##   cesd ~                                                                
##     pass             -0.589    0.074   -7.938    0.000   -0.735   -0.444
##     density           8.875    2.054    4.321    0.000    4.849   12.901
##   pass ~                                                                
##     size              0.799    0.379    2.107    0.035    0.056    1.542
##     density           7.277    1.885    3.860    0.000    3.582   10.971
##     homophily       -11.931    1.815   -6.575    0.000  -15.488   -8.374
## 
## Covariances:
##                    Estimate  Std.Err  z-value  P(>|z|) ci.lower ci.upper
##   density ~~                                                            
##     size              0.176    0.033    5.303    0.000    0.111    0.240
##     homophily         0.027    0.006    4.192    0.000    0.014    0.040
##   size ~~                                                               
##     homophily         0.131    0.032    4.095    0.000    0.068    0.194
## 
## Variances:
##                    Estimate  Std.Err  z-value  P(>|z|) ci.lower ci.upper
##    .cesd             77.068    7.511   10.260    0.000   62.346   91.790
##    .pass             55.042    5.337   10.314    0.000   44.583   65.502
##     density           0.090    0.009   10.320    0.000    0.073    0.107
##     size              2.232    0.217   10.273    0.000    1.807    2.658
##     homophily         0.090    0.009   10.317    0.000    0.073    0.107
## 
## R-Square:
##                    Estimate
##     cesd              0.253
##     pass              0.201
The output above is extremely similar, but not identical, to that obtained with the default ML estimation.

Model comparison
As explained in Chapter 9, the two path models estimated above, ch9mod and ch9modR, are formally nested.
Thus, a chi-square difference test (i.e., likelihood ratio test) can be used to determine whether their fit significantly differs. This test is output by the 'anova' function, although this test is not quite the same thing as the traditional Analysis of Variance test using the F distribution:
anova(ch9modML, ch9modRML)
## Chi Square Difference Test
## 
##           Df    AIC    BIC   Chisq Chisq diff Df diff Pr(>Chisq)    
## ch9modRML  2 3914.6 3938.2  1.2482                                  
## ch9modML   3 3930.6 3950.8 19.2277     17.979       1  2.233e-05 ***
## ---
## Signif. codes:  0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
The output above gives the chi-square difference test as well as the AIC and BIC values reported in the chapter.

Indirect effects
To obtain indirect effect estimates (and then create bootstrap CIs for them), it is necessary to specify the model so that the indirect effects are explicitly named within the model.
Below, the revised social support and depression model is re-specified to name the indirect effects explicitly:
ch9mod3 <- '
             cesd ~ b*pass + density
             pass ~ a1*size + a2*density + a3*homophily
             insize := a1*b
             indens := a2*b
             inhomo := a3*b
            '
The syntax above specifies the same model as the previous ch9modR. But in addition, names are given to the constituent parameters that form the indirect effects (i.e., the relevant coefficients are named 'a1', 'a2', 'a3', and 'b').
Then, the last three lines of the model specification text string name and define the indirect effects using the := operator.
For example, 'insize' is the indirect effect of the 'size' variable on the 'cesd' endogenous variable through the 'pass' intervening variable.
Next, the code below estimates the model using ML, but also includes the 'se="bootstrap"' option to invoke bootstrapping of the parameter standard errors:
ch9mod3ML <- sem(ch9mod3, data=ch9data, se="bootstrap")
summary(ch9mod3ML, fit.measures=T, rsquare=T, ci=T)
## lavaan (0.5-23.1097) converged normally after  49 iterations
## 
##   Number of observations                           214
## 
##   Estimator                                         ML
##   Minimum Function Test Statistic                1.248
##   Degrees of freedom                                 2
##   P-value (Chi-square)                           0.536
## 
## Model test baseline model:
## 
##   Minimum Function Test Statistic              110.874
##   Degrees of freedom                                 7
##   P-value                                        0.000
## 
## User model versus baseline model:
## 
##   Comparative Fit Index (CFI)                    1.000
##   Tucker-Lewis Index (TLI)                       1.025
## 
## Loglikelihood and Information Criteria:
## 
##   Loglikelihood user model (H0)              -1950.319
##   Loglikelihood unrestricted model (H1)      -1949.695
## 
##   Number of free parameters                          7
##   Akaike (AIC)                                3914.638
##   Bayesian (BIC)                              3938.200
##   Sample-size adjusted Bayesian (BIC)         3916.019
## 
## Root Mean Square Error of Approximation:
## 
##   RMSEA                                          0.000
##   90 Percent Confidence Interval          0.000  0.118
##   P-value RMSEA <= 0.05                          0.685
## 
## Standardized Root Mean Square Residual:
## 
##   SRMR                                           0.014
## 
## Parameter Estimates:
## 
##   Information                                 Observed
##   Standard Errors                            Bootstrap
##   Number of requested bootstrap draws             1000
##   Number of successful bootstrap draws            1000
## 
## Regressions:
##                    Estimate  Std.Err  z-value  P(>|z|) ci.lower ci.upper
##   cesd ~                                                                
##     pass       (b)   -0.589    0.078   -7.579    0.000   -0.743   -0.427
##     density           8.875    2.245    3.953    0.000    4.512   13.135
##   pass ~                                                                
##     size      (a1)    0.785    0.370    2.122    0.034    0.068    1.487
##     density   (a2)    7.295    1.649    4.425    0.000    3.905   10.675
##     homophily (a3)  -11.904    1.728   -6.888    0.000  -15.184   -8.538
## 
## Variances:
##                    Estimate  Std.Err  z-value  P(>|z|) ci.lower ci.upper
##    .cesd             77.605    7.344   10.567    0.000   62.958   91.334
##    .pass             54.818    6.022    9.104    0.000   42.669   66.113
## 
## R-Square:
##                    Estimate
##     cesd              0.251
##     pass              0.201
## 
## Defined Parameters:
##                    Estimate  Std.Err  z-value  P(>|z|) ci.lower ci.upper
##     insize           -0.463    0.239   -1.937    0.053   -0.994   -0.033
##     indens           -4.300    1.119   -3.841    0.000   -6.715   -2.238
##     inhomo            7.016    1.386    5.063    0.000    4.288    9.793
The output above as the same as that obtained earlier for ch9modRML, except now the standard errors have been estimated using bootstrapping, and importantly, the end of the output now includes the three indirect effect estimates as well as their confidence intervals, which are based on the 95% percentile bootstrap method.
The indrect effect estimates are the same as those reported in Table 9.4. The bootstrap confidence intervals above are slightly different from those in Table 9.4 because of different random sampling within the bootstrap procedure.

Assumptions and diagnostics
As explained in the chapter, the example data were simulated from a multivariate normal distribution with linear associations according to a population model specification. Thus, all assumptions are known to be met.
Consequently, the scatterplot matrix and descriptive statistics produced at the beginning of this document illusatrate what data look like under this known population model.
Next, to illustrate further that the sample data are approximately multivariate normal, the 'mardia' function from the 'psych' package can be used.
But recall that the multivariate normal assumption pertains primarily to the model's endogenous variables. So first we create a new dataset containing only those two variables ('cesd' and 'pass'):
ch9endog <- ch9data[c('cesd','pass')] 
mardia(ch9endog)

## Call: mardia(x = ch9endog)
## 
## Mardia tests of multivariate skew and kurtosis
## Use describe(x) the to get univariate tests
## n.obs = 214   num.vars =  2 
## b1p =  0.28   skew =  10.06  with probability =  0.039
##  small sample skew =  10.3  with probability =  0.036
## b2p =  9.25   kurtosis =  2.29  with probability =  0.022
The output above indicates that Mardia's multivariate kurtosis statistic for the joint distribution of the two endoegenous variables is 2.29.
As indicated in Chapter 10, multivariate kurtosis values greater than 4 or so may be indicative of problematic kurtosis.
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