Chapter 10: Linear Systems of Equations and Eigenvalues

1. (a) We can rewrite this system of equations in terms of matrices:

-3 5 5 x —43
1 -4 -2 y | =1 31
3 0 —4 z 7

We can solve this system by left-multiplying both sides of this equation by the inverse of the (3 x 3)
matrix. To find this matrix, we first determine the minor elements:

My = H_é :i” = (—4x—-4)—(-2x0) = 16
My, = ;) _i: = (Ix-4)—(-2x3) = 2
My = ; _g: = (Ix0)—(-4x3) = 12
My = (5) _Z: —  B5x—4)—(5x0) = —20
My = H_g _i” = (-3x-4)-(5x3) = -3
My = H_g 8” = (-3x0)—(5x3) = -15
My = Li g — 5x-2)—(5x-4) = 10
Mz = _:f _g = (=3x-2)—-(bx1) = 1
Mg = _i’ i = (3x-4)-(x1) = T

Next we find the cofactors,
Cii = —104DMyy =16, Cra = —10FDMy5 = =2, O3 = —10F M5 = 12,
Cop = —1CtDNMy =20, Cog = —1C2D Moy = =3, Ch3 = —1CT3) Mys = 15,
Cs1 = —1CTDMy; =10, Cso = —1CFD Mgy = -1, Cs3 = —16T) M3 =7,
and take the transpose of the cofactor matrix to find the adjoint matrix,
-3 5 5 16 20 10
adj( 1 -4 =2 ) = -2 -3 -1
3 0 -4 12 15 7

To find the determinant, we choose one row or column (the first row in this case), multiply the elements
by their cofactors, and add the products:

-3 5 5
‘ 1 -4 -2 ’:(—3><16)+(5><—2)+(5x12):2.
30 —4



We then plug the determinant and the adjoint matrix into the formula for a matrix inverse:

1 3 1 -1y 16 20 10 8 10 )
( 21 ) ) =-| -2 -3 -1 |(=| -1 =15 -0.5
2 2 -3 12 15 7 6 7.5 3.5

The solution to the system of equations is therefore

x 8 10 5 —43 1
y | =| -1 -15 —05 31 | = | -7
2 6 75 35 7 -1

(b) We can rewrite this system of equations in terms of matrices:

-2 3 0 T 5
-4 1 3 y | = -5
0 5 =5 z —15

We can solve this system by left-multiplying both sides of this equation by the inverse of the (3 x 3)
matrix. To find this matrix, we first determine the minor elements:

S [ —
O
o = ([ 2]] - e - o
R [P
o = 1[5 2] = coeoamen -
= (3] - caeooen -
oo 23] - e -
My = HZ 2” — (2x3)—(0x—4) = -6
e = || 3 Y]] = c2xn-exen = o

Next we find the cofactors,

Cpy = =100y = =20, Crp = =10 My = =20, Cig = —10F9 M3 = —20,
Co1 = —1CFDMy =15, Cgo = —1CFDMyy =10, Oz = —13F3) Mys = 10,

C31 = —16G+D My =9, O3y = -1 My, = 6, C33 = 16+ M35 = 10,



and take the transpose of the cofactor matrix to find the adjoint matrix,
-2 3 0 -20 15 9
adj( -4 1 3 ) = -20 10 6
0 5 =5 —20 10 10

To find the determinant, we choose one row or column (the first row in this case), multiply the elements
by their cofactors, and add the products:

-2 3 0
‘ -4 1 3 ’:(—2><—20)+(3><—20)+(0><—20):—20.
05 -5

We then plug the determinant and the adjoint matrix into the formula for a matrix inverse:

1 3 —4 -1 1 -20 15 9 1 -0.75 —-045
( 2 1 3 ) = 0 -20 10 6 |=|1 -05 -03
2 2 =2 N —20 10 10 1 -05 —-0.5

The solution to the system of equations is therefore

x 1 —0.75 —0.45 5 15.5
yl=|1 -05 -03 5= 12
2 1 -05 —05 ~15 15

(¢c) We can rewrite this system of equations in terms of matrices:

-2 2 -1 x 2
5 -3 -4 y | = —-11
3 0 =3 z —12

We can solve this system by left-multiplying both sides of this equation by the inverse of the (3 x 3)



matrix. To find this matrix, we first determine the minor elements:

-3 —4

My = H o _3” = (-3x-3)—(~4x0) = 9
My = g :g: = (5x-3)—(-4x3) = -3
My = g *g_ —  (5x0)—(=3x3) = 9
My = _(2) :é_ = (2x-3)—(-1x0) = -6
My, = H‘é :;” = (-2x-3)—(=1x3) = 9
My = H_g SH = (-2x0)—-(2x3) = -6
My = __g ;11_ = 2x-4)—(-1x-3) = -1
Msy = __é :111_ = (-2x-4)—(-1x5) = 13
My = __g _g_ = (-2x-3)-(2x5) = -4

Next we find the cofactors,

Cy = —10tD00, =9, Ciz = —10+2 11, =3, Ciz = —10F3) M3 =9,
Co = =13 My, = 6, Cag = =132 My, = 9, Coz = —1CT9) Myz = 6,

Cqp = —16tDMa = —11, Cso = —16GTD NG, = —13, O3 = —1G3) My = —4,
and take the transpose of the cofactor matrix to find the adjoint matrix,
-2 2 -1 9 6 -—11
adj< 5 -3 —4 ) =3 9 -13
3 0 -3 9 6 —4

To find the determinant, we choose one row or column (the first row in this case), multiply the elements
by their cofactors, and add the products:

-2 2 -1
‘ 5 -3 —4 ‘(2><9)+(2><3)+(1><9)21.
3 0 -3

We then plug the determinant and the adjoint matrix into the formula for a matrix inverse:

1 3 ) -1 1 9 6 -—-11 —-0.43 —-0.29 0.52
( 21 2 > = 31 3 9 —-13 | =| —-0.14 —-043 0.62
2 2 =2 N 9 6 —4 —-0.43 -0.29 0.19

The solution to the system of equations is therefore

T —-0.43 —-0.29 0.52 2 —4
y | = —014 —-043 0.62 —11 | = -3
z —-0.43 —-0.29 0.19 —12 0



(d) We can rewrite this system of equations in terms of matrices:

2 -1 1 T 4
-2 4 5 y | =1 -1
-3 3 -1 z -2

We can solve this system by left-multiplying both sides of this equation by the inverse of the (3 x 3)
matrix. To find this matrix, we first determine the minor elements:

My = Hg R L
My = H:§ _fH — (2x-1)-(5x-3) = 17
My = H_§ ;lH = (-2x3)-(dx-3) = 6
s = [0 M) = Cixen—axs - -2
v = [ 2 0] - e -
o (] e -
w21 - e -
| e

Next we find the cofactors,

Cni=—10FDM =19, Cio = —104D My = —17, C3 = —103) M5 =6,
Co = =13 My, = 2, Cog = =132 My, = 1, Coz = —1CT9) Myy = -3,

Cy1 = —18tDMy = -9, Cao = —1CFD My = —12, Csy = —1GF) My =6,
and take the transpose of the cofactor matrix to find the adjoint matrix,
2 -1 1 —-19 2 =9
adj( -2 4 5 ) = -17 1 -12
-3 3 -1 6 —3 6

To find the determinant, we choose one row or column (the first row in this case), multiply the elements
by their cofactors, and add the products:

2 -1 1
’ -2 4 5 ‘:(2><—19)+(—1><—17)+(1><6):—15.
-3 3 -1
We then plug the determinant and the adjoint matrix into the formula for a matrix inverse:
1 3 =2 -1 1 -19 2 -9 1.27 —-0.13 0.6
( 2 1 -1 ) =1 —-17 1 -12 | = 1.13 —-0.07 08
2 2 2 Bl o6 -3 6 —04 02 —04



2.

The solution to the system of equations is therefore

x 127 —0.13 0.6 4 4
y | =| 113 —007 08 ~1|=1] 3
2 04 02 —04 -2 ~1

(a) The augmented matrix that corresponds to this system is

-5 5 6 2
-3 3 —4|-14
9 6 5| —17

We break the first three columns down to an identity matrix using the elementary row operations. Each
time we perform an operation, we also apply it to the last column. Once we’ve created an identity matrix
in the first three columns, then the values of the elements in the last column are the (x,y, z) solution to
the system.

First we multiply the first row by 3 (to make it easier to eliminate the first element), and interchange
the rows to that the first is third, the second is first, and the third is second,

-3 3 —4|-14
9 6 o | =17
—-15 15 18 6

Next we multiply the first row by 3 and add it to the second row, and we multiply the first row by -5
and add it to the third row,

[ -3 3 —4|-14 ]
0 15 —71]-59
0 0 38 76

We divide row 3 by 2,
[ -3 3 —4]-14]
0 15 —=7|-59 |,
0 0 1 2

and add 7 times the third row to the second row, and 4 times the third row to the first row,

-3 3 0| -6
0 15 0] —45
0 01 2
Next we divide the second row by 15,
[ -3 3 0|6 ]
01 0|-3/{,
| 0 0 1 2 |
and multiply it by -3 and add it to the first row,
[ -3 0 0| 37
01 0|-3
| 0 0 1 2 |
Finally we the first row by -3,
1 0 0]-1
01 0|-3
0 0 1 2



The reduction implies that the system’s solution is

T -1
y | =| -3
z 2

(b) The augmented matrix that corresponds to this system is

-6 —4 1110
1 4 —4|16
-3 3 4119

We break the first three columns down to an identity matrix using the elementary row operations. Each
time we perform an operation, we also apply it to the last column. Once we’ve created an identity matrix
in the first three columns, then the values of the elements in the last column are the (x,y, z) solution to
the system.
First we interchange the rows,
1 4 —4]16 ]
-3 5 4119
| 6 —4 1|10

then add 3 times the first row to the second row, and 6 times the first row to the third,

(1 4 —4| 16 ]
0 17 =8| 67 |.
| 0 20 —23|106 |

This next part is very tricky. 17 and 20 share no factors, so to avoid fractions we multiply the second
row by 20 and the third row by 17,

1 4 —4 16
0 340 -160 | 1340 |,
0 340 -391 | 1802

we add -1 times the second row to the third,

1 4 —4 16
0 340 -160 | 1340 |,
0 0 —231| 462

and we divide the last row by -231,

1 4 —4 16
0 340 —160 | 1340
0 0 1 -2

Next we multiply the third row by 160 and add it to the second row,

1 4 —4 16
0 340 0] 1020 |,
0 0 1 -2

and we multiply the third row by 4 and add it to the first row,

1 4 0 8
0 340 0] 1020
0 0 1| -2



We divide the second row by 340,

1 4 0| 8
010/| 3]/,
00 1]-2

and multiply it by -4 and add it to the first row,

1 0 0]—4
01 0 3
10 0 1]-2]
The reduction implies that the system’s solution is
x —4
y | = 3
z -2

(¢) The augmented matrix that corresponds to this system is

5 -1 —-5| -3
-5 =5 6| —18
0 -2 —6 12

We break the first three columns down to an identity matrix using the elementary row operations. Each
time we perform an operation, we also apply it to the last column. Once we’ve created an identity matrix
in the first three columns, then the values of the elements in the last column are the (x,y, z) solution to
the system.

We start by adding the first row to the second,

(5 -1 —5| -3
0 -6 1|-21|,
0 -2 6| 12

interchanging the second and third rows,

5 -1 —-5| -3
0 -2 —6 12 |,
| 0 —6 1] —21 |
dividing the second row by -2,
5 -1 —5| -3
0 1 3| —6 |,
0 —6 1] =21

and adding 6 times the second row to the third,

5 -1 —5| -3
0 1 3| —6
| 0 0 19| —57 |
Next we divide the third row by 19,
5 -1 —=5]-3
0 1 31-6 |,
0 0 1] -3



add -3 times the third row to the second,

5 —1 —-5|-3

0 0 3|,

0 0 1] -3
and add 5 times the third row to the first,

5 —1 0| -18

0 1 0 3

0 0 1| -3

Finally we add the second row to the first,

S O Ot
o = O
— o o
w

and divide the first row by 5,

1 0 0]-3
01 0 3
0 0 1|-3
The reduction implies that the system’s solution is
-3
y |=1| 3
z -3

The augmented matrix that corresponds to this system is

-1 3 —6 -3 0
1 -1 1 4| -11
5 =5 -1 -2| -1
2 3 -3 0| -3

We break the first four columns down to an identity matrix using the elementary row operations. Each
time we perform an operation, we also apply it to the last column. Once we’ve created an identity matrix
in the first three columns, then the values of the elements in the last column are the (w,z,y, z) solution
to the system.

We start by interchanging the first two rows,

1 -1 1 4| -11
-1 3 —6 -3 0

5 =5 -1 —=2| =1 |’

2 3 =3 0| -3

and adding the first row to the second, -5 times the first row to the third, and -2 times the first row to
the fourth,

1 -1 1 41 —11

0 2 =5 1]-11

0 0 -6 —22 54

0 5 —5 =8 19



Next we multiply the fourth row by 2,

1 -1 1 41 -11
0 2 =5 1] -11
0 0 -6 —22| 54 [’
0 10 -10 -16| 38

and add -5 times the second row to the fourth row,

1 -1 1 4| —-11
0 2 -5 1] -11
0 0 -6 —22| 54
|0 0 15 -21 93 |
We divide the third row by -2,
1 -1 1 4117
0 2 =5 1] -11
0 0 3 11| =27 |’
|0 0 15 -21 93 |
add -5 times the third row to the fourth,
1 -1 1 4| —11 ]
0 2 -5 1] -11
0o 0 3 11| =27 |’
|0 0 0 —76| 228 |

and divide the fourth row by -76,

1 -1 1 4] -11
0 2 =5 1]-11
0 0 3 11| =27
0 0 0 1] -3

Now we add -11 times the fourth row to the third row, -1 times the fourth row to the second row, and
-4 times the fourth row to the first row,

1 -1 1 0 1
0 2 -5 0]-8
0 0 3 0| 6]’
|0 0 0 1|3 ]
divide the third row by 3, ) )
1 -1 1 0 1
0 2 -5 0]-8
0O 0 1 0| 2|’
|0 0 0 1|-=3 ]

add 5 times the third row to the second row and -1 times the third row to the first row,

1 -1 0 0] -1
0 2 00 2
0 0 1 0 2 |’
10 0 0 1|3 ]
divide the second row by 2, ) i
1 -1 0 0] -1
0 100 1
0 0 1 0 2 |’
|0 0 0 1|3 ]

10



3.

and add the second row to the first,

100 0| O
01 0 0] 1
0 01 0 2
0 00 1]-3
The reduction implies that the system’s solution is

w 0

T | 1

y | 2

z -3

(a) The augmented matrix that corresponds to this system is

1 -2 -1 15
-1 -1 1| —6
1 -6 —-1|—-43

We start by adding the first row to the second, and adding -1 times the first row to the third,

1 -2 -1 15
0 -3 0 9
0 —4 0] —58

We divide the second row by -3 and the third row by -4,
1 -2 -1 15
0o 1 0] =3/{,
0 1 01145

and add -2 times the second row to the first row, and -1 times the second row to the third row,

1 0 -1 21
0 1 0] -3
0 0 0]20.5

Remember that the rows of the augmented matrix refer to equations in the system, that the columns
refer to the variables x, y, and z respectively, the elements are coefficients, and the vertical line is an
equal sign. At this point we’ve reduced the system of equations to

r—z =21,
y:_sa
0 =20.5.

The third equation is an obviously untrue statement. Therefore this system of equations has no solution.

(b) The augmented matrix that corresponds to this system is

-4 -1 -2]15
1 -2 2118
0 -6 4120

11



We start by moving the first row to the third position and moving the other two rows up,

1 -2 2118
0 -6 4120
-4 -1 -2|15

Next we add 4 times the first row to the third row,

1 —2 218
0 —6 420
| 0 —9 6|87 |
We divide the second row by 2,
1 —2 2|18 ]
0 -3 2|10 |,
0 -9 6|87

then multiply it by -3 and add it to the third row,

(1 -2 2|18
0 -3 2|10
0 0 057

The third equation is now 0=57, which is obviously untrue. Therefore the system has no solution.

The augmented matrix that corresponds to this system is

-6 -2 51 —29
2 =5 1] —4
4 5 =5 28

Let’s start by rearranging the rows,

2 =5 1| —4
4 5 =5 28 |,
-6 -2 51 —29
and adding -2 times the first row to the second, and 3 times the first row to the third,

2 =5 1| —4

0 15 -7 36

0 —17 8| —-41
Next we multiply the second row by 17 and the third row by 15,

2 -5 1] —4
0 255 —119| 612 |,
0 —255 120 | —615

add the second row to the third,

2 -5 1] —4
0 255 —119|612 |,
0 0 1] -3

then add 199 times the third row to the second,

2 -5 1| -4
0 255 01255 |,
0 0 1| -3

12



and divide the second row by 255,

[2 -5 1| —4]
0 10 1
|0 0 1|3 ]
Finally, add -1 times the third row to the first row,
[2 -5 0| —11
0 10 1],
|0 0 1|3 ]
add 5 times the second row to the first row,
[2 0 0] 47
010 1],
|0 0 1|3 ]
and divide the first row by 2, ) _
1 0 0] 2
0 1 1
|0 0 1|3 ]

T 2
y | = 1
z -3

The augmented matrix that corresponds to this system is

-1 3 -1 9
1 -1 0| -8
) 3 1] 39

We start by interchanging the first and second rows,

1 -1 o0|-8
-1 3 -1] 9|,
-5 3 1] 39

adding the first row to the second, and adding 5 times the first row to the third,

1 -1 0] -8
2 —1] 1.
0 -2 1|-1|

o

Next we add the second row to the third

)

o
N
I
—
—

The third equation in the system is now 0=0, which is an obviously true statement. Therefore this

system has infinitely many solutions.

13



4. (a) The augmented matrix that corresponds to this system is

1 3 111
-1 5 2| 4
4 4 1|29

Let’s start by adding the first row to the second, and adding -4 times the first row to the third,

1 3 1 11
0 3 3 15
0 -8 —-3|-15

Then we can add the second row to the third,

1 3 1]11
0 8 3|15
0 0 0] O

We can see that this system has infinitely many solutions. Our task is now to derive a formula for these
solutions, and to relate the specific solution. Let’s continue reducing. We multiply the first row by 8,

8 24 888
0 8 3[15 |,
0 0 0] 0

and add -3 times the second row to the first row,

8§ 0 —1/43
0 8 3115
0 0 0 0

Finally, we divide the first and second row by 8,
1 0 =1 ‘ 43

0 0 0 ‘ 0 |
The system of equations is now
x — %z = %37
y+32=72,
z =2z,

where we add z = z into the system as a general representation of the trivial statement 0=0. That is,
by adding or subtracting the same thing to both sides of 0=0, we can turn this statement into z = z for
any value of z. Solving the system for z and y in terms of z gives us

1 43
:E—82’+8,

__3 15
Y= _gz + ]
z=z,
which can be written in matrix form as
1 43
8 8
T
_ 3 15
Yy = -3 + g z
z
0 1

14



z is a free variable, meaning that we can choose any value for z we want. But for any value of z there is
only one solution to this system that can be found by plugging that value of z into the above equation.
The specific solution is the name for the solution in which z = 0, which in this case is

(b) The augmented matrix that corresponds to this system is

5 1 4| —4
-4 1 -3\ -7
-3 3 -2 |-18
Let’s start by multiplying the second and third rows by 5,
5 1 4| —4
—-20 5 —-15|-35
—-15 15 —-10| —90
Now we can add 4 times the first row to the second row and 3 times the first row to the third row,
5 1 4 —4
0O 9 1| =51 |,
0 18 2| —102

and add -2 times the second row to the third row,

5 1 4| -4
0 9 1|51
0 00 0

The system has infinitely many solutions. Let’s continue reducing by multiplying the first row by 9,

(45 9 36| —36
09 1|-511,
00 0| 0

and adding -1 times the second row to the first,

(45 0 35| 15

0 9 1|-51
. 00 O 0

Finally, divide the first row by 45 and divide the second row by 9,

Lo gl 3

1 51

01 5[-%

0 0 0 ‘ 0
The system of equations is now

T+ gz = %,

Yy + %Z = _%7

z=z



Solving the system for  and y in terms of z gives us

_1_7
T=3 - g2,

_ 51 1
Y=—9 ~ 9%
z=2z,

which can be written in matrix form as
1 T
3 9
T
_ 51 1
Y1=1 "9 |~ |9 |~7
z
0 1
The specific solution in which z = 0 is
1
3
T
_ 51
vy1=1 "9
z
0

(¢) The augmented matrix that corresponds to this system is

1 6 —-1]|-18
3 2 1| -22
-5 6 —4 18

Let’s start by adding -3 times the first row to the second, and 5 times the first row to the third,

1 6 —1]-18
0 —-16 4 32
0 36 -9 | -T2

We divide the second row by 4 and the third row by 9,

[ 1 6 —1]|—18 ]
0 —4 1 8 |,
| 0 4 —-1| -8 |
and add the second row to the third,
[ 1 6 —1]|—18 ]
0 —4 1 8
0 0 0 0

This system has infinitely many solutions. To continue reducing, multiply the first row by 2,
(2 12 -2 36 ]
0 —4 1 8 |,
0o 0 O 0

add 3 times the second row to the first,

2 0 1|-4
0 -4 1| 81,
0 0 0| 0

16



divide the first row by 2 and divide the second row by -4,

10 3]-2
01 —3|-2
00 0| 0
The system of equations is now
T+ %z = -2,
y—- %Z = 727
z=2z

Solving the system for  and y in terms of z gives us

T = —%z -2,
Yy = 7%2 27
z =z,
which can be written in matrix form as
1
2
T -2
y |l =1 -2 |- i zZ.
z 0
1
The specific solution in which z = 0 is
T -2
y | = 2
z 0

The augmented matrix that corresponds to this system is

2 -5 =310
1 -6 =20
1 1 =110

Note that this system is a homogenous system, which means that it either has infinitely many solutions,
or just the trivial (all zero) solution. Let’s begin by rearranging the rows,

M1 1 =110
1 -6 —2/0 |,
2 -5 =310

then by adding -1 times the first row to the second, and -2 times the first row to the third,

[ 1 1 -11]0
0 -7 =110
0 -7 =110

17



Now add -1 times the second row to the third,
1 1 —-110
0 -7 —-110
0 0 00

This system has infinitely many solutions. To continue reducing, multiply the top row by 7,

T 7T —-7|0
0o -7 =110 |,
L0 0 0]0 |
add the second row to the first row,
(7 0 —8]0]
0 -7 —-110 |,
L0 0 0]0 |

divide the first row by 7, and divide the second row by -7

1o =210

K|

0
0

o o
O NI=

The system of equations is now

8
xr = 72,
_ 1
Yy = _727
z =z,
which can be written in matrix form as
8
7
T
_ 1
y1=1 -7 |%
z
1

T 0
y | =10
z 0
Another solution in which z =1 is N
7
T
v|=1-7
z
1

18



5. Eigenvalues are the constants A for a matrix A such that
Ax = Az,

which means that
Ax = Nz,

Ax — Mz =0,
(A= Xz =0.

This equation implies a homogenous system of equations, which only has a non-trivial solution when the
determinant is zero,

|A— A =0.
To find the eigenvalues, we will

e plug A into (A — A\I) and write this matrix out,
e then write out the determinant,

e and solve for the values of \ that make the determinant zero.

A matrix is positive-definite if all of its eigenvalues are positive and negative-definite if all of its eigenvalues
are negative. To find the unit eigenvectors associated with each matrix, we will

e plug each value of A back in to (A — Al)z =0,
e write out the augmented matrix for this homogenous system,

e find a non-trivial solution,

compute the magnitude of this solution vector,

e and divide the vector by its magnitude. This last step ensures that the eigenvector is a unit eigenvector.

o[ 2]

4 4 10 4 1
AM{ 0_8}’\[0 1}[ 0 —8-\
A=A = (4= N)(-8-A) —(4x0)
= (A +8)(A+4)=0,

A= -8, 4.

Since this matrix has only negative eigenvalues, it is negative-definite. The system of equations implied
by (A— Az =0is

(=4 — Nz + 4y =0,
—8—-Ay=0

with the augmented matrix

—4—-A 410
0 —8—=X1]0 |

Plugging in the first eigenvalue A = —8 turns this augmented matrix into
[4 4]0 ]
10 0]0 ]”

which we reduce with elementary row operations by dividing the first row by 4,

[1 1]0]
|0 0]0

19



The system of equations is now

rz+y=0,
Y=y,

where y is a free variable. The system can be rewritten as

{2,
R

One eigenvector that arises when y = 1 is [ } which has magnitude
h

and in matrix form as

I

To find the unit eigenvector associated wit
case the unit eigenvector is

[~V E -

A = —8, we divide an eigenvector by its magnitude. In this

1

V2
1
V2
Plugging in the second eigenvalue A = —4 turns the augmented matrix into
[0 4]0 ]
0 =40 ]

which we reduce with elementary row operations by adding the second row to the first,

[0 00
0 —4|0 ]
then dividing the second row by -4,
0 00
0 1|0 |

Since the first row corresponds to x, and it reduces to the obviously true statement 0=0, we think of =
to be a free variable in which x = z. The system of equations is now

T =1,
y:0,

The system can be rewritten in matrix form as

O =

One eigenvector that arises when x =1 is [ ] , which has magnitude

[3]]- v

so it is the unit eigenvector associated with A = —4.
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~3 0 10 —3- A 0
A_M:{ 27}_%01}:[ 2 T—A\
A= M| = (=3=X)(T=X)—(0x2)
= (A +3)(A-T)=0,

A = -3, 7.

Since this matrix has one positive and one negative eigenvalue, it is neither positive-definite nor negative-
definite. The system of equations implied by (A — Al)x =0 is

(=3—=XNz =0,
20+ (7T— ANy =0

with the augmented matrix

-3-A 0]0
2 7T—X|0 |
Plugging in the first eigenvalue A = —3 turns this augmented matrix into
[0 0]0]
2 100 )

which we reduce with elementary row operations by interchanging the first and second rows,

[2 10]|0]
0 o0f0]"

1 510
0 00|

z + by =0,
Y=y,

then dividing the first row by 2,

The system of equations is now

where y is a free variable. The system can be rewritten as
T = —by,
y=yv,

M

_? } , which has magnitude

and in matrix form as

One eigenvector that arises when y = 1 is

[1]]-verem-

To find the unit eigenvector associated with A = —3, we divide an eigenvector by its magnitude. In this
case the unit eigenvector is

= E‘Cﬂ
[=2]

V26

Plugging in the second eigenvalue A = 7 turns this augmented matrix into

—-10 0|0
2 00}

21



which we reduce with elementary row operations by dividing the first row by -10,

(1 0]0
12 0|0

then adding -2 times the first row to the second row,

(1 0
10 0

x =0,
Y=y,
where y is a free variable. The system can be rewritten in matrix form as

ML

0
1

The system of equations is now

One eigenvector that arises when y = 1 is [ ] , which has magnitude

[

so this vector is the unit eigenvector associated with A = 7.

6 7 10 6— A 7
A_M:{—5 —6}_)‘{0 1}:[ 5 —6-—\
A= M| = (6—\)(=6—-))—(7x —5)
= A=6)(A+6)+35
= M -36+35

= N-1
= (A=1)(A+1)=0,
A= 1,1

Since this matrix has one positive and one negative eigenvalue, it is neither positive-definite nor negative-
definite. The system of equations implied by (A — Al)x =0 is

(6—Nx+Ty=0,
=524+ (=6 -y =0

with the augmented matrix

6—A 710
-5 —6-X|0 |’

Plugging in the first eigenvalue A = —1 turns this augmented matrix into
7T 7|0
-5 =50 |’
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which we reduce with elementary row operations by dividing the first row by 7,

1 110
-5 =50 |’

and adding 5 times the first row to the second,
0
R

E

rz+y=0,
Y=y,

where y is a free variable. The system can be rewritten as

==Y,
y=1yv,

1
0

The system of equations is now

and in matrix form as

To find the unit eigenvector associated with A = —1, we divide an eigenvector by its magnitude. In this
case the unit eigenvector is
1
V2
1
V2
Plugging in the first eigenvalue A = 1 turns this augmented matrix into
5 710
-5 =70}’
which we reduce with elementary row operations by adding the first row to the second,
5 710
0 00|’
and dividing the first row by 5,
1 I]o
0 0 ‘ 0
The system of equations is now
z+ 1y =0,
y=1y,

where y is a free variable. The system can be rewritten as



and in matrix form as -
5

M

One eigenvector that arises when y =5 is [ 5

} , which has magnitude

| |-verE-va

To find the unit eigenvector associated with A = —1, we divide an eigenvector by its magnitude. In this
case the unit eigenvector is

T
z
5
VT4
9 3
0 -1
9 3 10 9- A 3
A_AI:[O 1}‘A[0 1}:[ 0 —1-2A
A= M| = (9-XN)(-1-X)—(3x0)
= A=-9(\+1)=0,
A= -1,0.

Since this matrix has one positive and one negative eigenvalue, it is neither positive-definite nor negative-
definite. The system of equations implied by (A — Al)z =0 is

(9= Nz +3y =0,
(=1=Ny=0

with the augmented matrix

9—A 310
0 —1—-X|0 |
Plugging in the first eigenvalue A = —1 turns this augmented matrix into
[10 3]0
0 0|0 |’
which we reduce with elementary row operations by dividing the first row by 10,
r 3
1 310
| 0 0 ‘ 0
The system of equations is now
T+ 5y =0,
y=1y,
where y is a free variable. The system can be rewritten as
Tr = _%y7
y - y:



and in matrix form as
" _3
=y 10 |
o]
One eigenvector that arises when y = 10 is [ _13 ] , which has magnitude

]| e v

To find the unit eigenvector associated with A = —1, we divide an eigenvector by its magnitude. In this
case the unit eigenvector is

109
10
V109
Plugging in the second eigenvalue A = 9 turns this augmented matrix into
0 310
0 —-10(0 |’
which we reduce with elementary row operations by dividing the first row by 3 and the second row by
-10,
0 10
0 1|0}’
and adding -1 times the second row to the first,
0 00
0 10

The system of equations is now
T =z,
y=0,
where x is the free variable. The system can be rewritten in matrix form as
Ty 1
y | Lo

One eigenvector that arises when z =1 is [ (1) ] , which has magnitude

[2]- s

so this vector is the unit eigenvector associated with A = 9.

-6 -8
(€) {8 6]
-6 -8 10 —6— A\ -8
A—M—{_g _6}‘%0 1}_[ 8 —6-A
[A=M| = (=6-X)7—(-8)
= (A+6)*—o64
= (A2 4+12)\+36) — 64
= M4+ 12)-28
= (A+14)A—-2)=0,
A= —14,2
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Since this matrix has one positive and one negative eigenvalue, it is neither positive-definite nor negative-
definite. The system of equations implied by (A — Al)xz =0 is

(=6 — X))z — 8y =0,
—8x+(—-6—-AN)y=0

with the augmented matrix

—6—-A -8 10
-8 —6-XA|0 |’

Plugging in the first eigenvalue A = —14 turns this augmented matrix into
8§ =810
-8 8|0 ]’

which we reduce with elementary row operations by adding the first row to the second,
8 —810
0 00|’
1 -1|0
0 00|

x—y=0,
Y=y,

where y is a free variable. The system can be rewritten as

oo
ML

] , which has magnitude

and dividing the first row by 8,

The system of equations is now

and in matrix form as

. . . 1
One eigenvector that arises when y =1 is [ 1

[

To find the unit eigenvector associated with A\ = —14, we divide an eigenvector by its magnitude. In this
case the unit eigenvector is

1
V2
1
V2
Plugging in the second eigenvalue A\ = 2 turns this augmented matrix into
-8 =810
-8 —=8|0 |’
which we reduce with elementary row operations by adding the first row to the second,
-8 =810
0 00|’
and dividing the first row by -8,
1 11]0
0 00 |-



The system of equations is now

rz+y=0,
Y=y,

where y is a free variable. The system can be rewritten as

-]

} which has magnitude

and in matrix form as

One eigenvector that arises when y =1 is [
-1
1

[4])- -

To find the unit eigenvector associated with A = 2, we divide an eigenvector by its magnitude. In this
case the unit eigenvector is

S

Sl

1 3 10 1—A 3
A_M:[Q 6}_)‘[0 1}:[ 2 6)\]

JA=X| = (1-=XN(6-X)—(3x2)
= (M —=7\4+6)—6
= A2 -7\
= MA=7)=0,
A= 0,7

This matrix is not negative-definite because it has a negative eigenvalue. But it’s also not positive-definite
because 0 is not, strictly speaking, a positive number. We can say that this matrix is positive-semidefinite.
The system of equations implied by (A — AI)x = 0 is

20+ (6—AN)y=0

with the augmented matrix

2 6-X|0

Plugging in the first eigenvalue A = 0 turns this augmented matrix into

[1)\ 310

[1 3]0
2 6]0 |’

which we reduce with elementary row operations by adding -2 times the first row to the second,

[1 3]0
0 00
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The system of equations is now

z+ 3y =0,
Y=Y,

where y is a free variable. The system can be rewritten as
r = —3y,
y=1y,

Mt

One eigenvector that arises when y = 1 is 7? } , which has magnitude

and in matrix form as

[2])- v

To find the unit eigenvector associated with A = 0, we divide an eigenvector by its magnitude. In this
case the unit eigenvector is

3
V10
1
V10

__3

1 3 V10

In other words, the matrix 2 6 | when left-multiplied by any vector that is a multiple of ,
1
V10

always outputs a vector of all zeroes.
Plugging in the second eigenvalue A = 7 turns this augmented matrix into

-6 3|0
2 =10 |’
which we reduce with elementary row operations by dividing the first row by -3,

2 —110
2 —1|0 )’

then multiplying the first row by -1 and adding it to the second row,

(2 —1]0
0 00 ]
and finally dividing the first row by 2,
1 =110
0 0]0
The system of equations is now
T — %y = 07
y=1y,

where y is a free variable. The system can be rewritten as



and in matrix form as

N[

My

One eigenvector that arises when y = 2 is [ ] , which has magnitude

2

[2]-v=-a

To find the unit eigenvector associated with A = 7, we divide an eigenvector by its magnitude. In this
case the unit eigenvector is

1
NG
%
(@[8 m}
0 -9
8§ —10 10 8-\  —10
A_AI:{O —9}‘A{0 1]:{ 0 —9-2\
[A=M| = (8=X)(-9-X)—(~10x0)
= (A-8)(A+9) =0,
A o= 9,8

Since this matrix has one positive and one negative eigenvalue, it is neither positive-definite nor negative-
definite. The system of equations implied by (A — AI)x =0 is

(8= Az — 10y =0,
(=9-ANy=0

with the augmented matrix

88—\ —10 |0
0 —9—-X|0 |
Plugging in the first eigenvalue A = —9 turns this augmented matrix into

17 —-101]0
0 00|’
which we reduce with elementary row operations by dividing the first row by 17,

1 —12]0

0 0]o0
The system of equations is now
T — %y =0,

y=1y,
where y is a free variable. The system can be rewritten as

x = 13y,
Y=y,
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and in matrix form as
[ T ] 17

=Y
y 1

. . . 1 . .
One eigenvector that arises when y = 17 is [ } , which has magnitude

0
17
’ { 1(; ] ‘ = /102 + 172 = v/389.

To find the unit eigenvector associated with A = —9, we divide an eigenvector by its magnitude. In this
case the unit eigenvector is

= =
=
=)

V389

Plugging in the second eigenvalue A = 8 turns this augmented matrix into
0 —-101(0
0 —1710 |’

which we reduce with elementary row operations by dividing the second row by -17,

0 —-101]0
0 110 |’
and adding 10 times the second row to the first row,
0 0]0
0 10|

The system of equations is now
T =,
{y=Q
where z is the free variable. The system can be rewritten in matrix form as
1=+l
y 0]

. . 11
One eigenvector that arises when x =1 is [

0 ] , which has magnitude

[3]]- v

so this vector is the unit eigenvector associated with A = 8.

70 1 0 7\ 0
A_AI:[O 7}‘A[0 1}:[ 0 7—A]

[A—=XI| = (7T—X)?—(0x0)
= (T-X1)?=0,
A= 7



Since this matrix has only positive eigenvalues, it is positive-definite. The system of equations implied
by (A—A)z=0is

(7T=XNzx =0,
(T=Ny=0

with the augmented matrix
T—A 00
0 7—X10 |-

Plugging in the only eigenvalue A = 7 turns this augmented matrix into

0 0]0]
0 0]0 |

which cannot be reduced. The system of equations is now

T =z,
Y=y,

where x and y are both free variables. The system can be rewritten in matrix form as

MM

which means that any two-dimensional, real-numbered vector is an eigenvector of this matrix associated
with the eigenvalue A = 7. To find the unit eigenvectors, we write out the magnitude:

[]]-ve

Y

The unit eigenvalues are all of the form

/22 +y2

Yy
which is defined for any values of z and y other than (0,0) since that would divide each element by 0.
For example, the unit eigenvector we derive when x =2 and y =5 is

2 2
V22452 29
5 B 5
V22452 V29
0 -3
0[]
0 -3 10 0—\ -3
A_/\I_{—G —4}_%0 1}_[ —6 —4—A
|[A—= M| = (=A)(—=4—-X)— (=3 x —6)
= 4\ +A\?—18

A2 44\ —18 = 0.

_ —bEVb2 —dac  —4+./16 —4(1)(-18)
B 2a N 2

A
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_ 74:&2\/88 _ —4 :|:22\/22 )

A=-2-122=—-6.69, \=—-2++22=269.

Since this matrix has one positive and one negative eigenvalue, it is neither positive-definite nor negative-
definite. The system of equations implied by (A — A\I)xz =0 is

A — 3y =0,
—6z+(—4—-Ny=0

with the augmented matrix

—-A =310
—6 —4-X|0 |’

Plugging in the first eigenvalue A = —6.69 turns this augmented matrix into
669 —-3|0
—6 2690 |’

which we reduce with elementary row operations by diving the first row by 6.69,
1 —-45|0
—6 2690 |’

(1 —.45]0 ]
1 —45[0 |

dividing the second row by -6,

and adding -1 times the first row to the second row,

[1 —.45]0 ]
| 0 010"
The system of equations is now
xz— .45y =0,
y=1y,
where y is a free variable. The system can be rewritten as
r = .45y,
y - y7
and in matrix form as
T | 45
v] Y1
. . . 45 . .
One eigenvector that arises when y =1 is L which has magnitude

‘[.4ﬂ‘:m:\/ﬁ:1.095.

To find the unit eigenvector associated with A = —6.69, we divide an eigenvector by its magnitude. In

this case the unit eigenvector is
.45

1.095 [ 41 }
N
1.095

Plugging in the second eigenvalue A = 2.69 turns this augmented matrix into

—2.69 =310
-6 —6.69 |0 |’
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which we reduce with elementary row operations by diving the first row by -2.69,
1 112 |0
-6 —-5.69|0 |’

(1 11210 ]
|1 1120 |’

and adding -1 times the first row to the second row,

dividing the second row by -6,

[1 1120 ]
| 0 00"
The system of equations is now
z+1.12y =0,
Y=y,
where y is a free variable. The system can be rewritten as
r=—1.12y,
Y=y,
and in matrix form as
x| —1.12
y| Y I
. . . —1.12 . .
One eigenvector that arises when y = 1 is L which has magnitude

[ 2 ]]=virmp e = vim-1s

To find the unit eigenvector associated with A = 2.69, we divide an eigenvector by its magnitude. In this

case the unit eigenvector is
112

Tis —.75
L B [ .67 } :

1.5

-5 2 10 5\ 2
A_M:{ 26}_)‘[01}:[ 26—\

JA=X| = (=5-N(6-X)—(2x2)
A+5)(A—6)—4
(A2 —X—30)+4
A2 —XA—26=0.
\ —b+ Vb2 —dac  14./1—4(1)(—26) 1++/105
N 2a N 2 B 2
/\:% ”105:—5.35, )\:HT V105 6 35,
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Since this matrix has one positive and one negative eigenvalue, it is neither positive-definite nor negative-
definite. The system of equations implied by (A — Al)xz =0 is

(=5 — Nz +2y =0,
204+ (6—AN)y=0

with the augmented matrix
—5—-A 210
2 6-X|0 |-

Plugging in the first eigenvalue A = —5.35 turns this augmented matrix into
.35 210
2 1135|0 |°

which we reduce with elementary row operations by diving the first row by .35,

1 5710
2 1135|0 |’
dividing the second row by 2, ) i
1 5710
|1 57[0 ]

and adding -1 times the first row to the second row,

[1 5710
0 0|0 ]
The system of equations is now
x4+ 5.7y =0,
y=1y,
where y is a free variable. The system can be rewritten as
T = —5.7y,
Y=y,
and in matrix form as
x| —-5.7
y |~ 1
. . . —5.7 . .
One eigenvector that arises when y = 1 is 1l which has magnitude

‘ [ - } ’ =/(=5.7)2 + 12 = V/33.49 = 5.79.

1
To find the unit eigenvector associated with A\ = —5.35, we divide an eigenvector by its magnitude. In
this case the unit eigenvector is
5.7
T B.79 —98
E A7 |
5.79

Plugging in the second eigenvalue A = 6.35 turns this augmented matrix into

—11.35 210
2 =35]0 |’

which we reduce with elementary row operations by diving the first row by -11.35,
1 —-18|0
2 =35]0 |’
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dividing the second row by 2,
1 —-18|0
1 —-18|0 |’

and adding -1 times the first row to the second row,

1 —-18|0
0 010 |°
The system of equations is now
xz— .18y =0,
y=1,
where y is a free variable. The system can be rewritten as
r = .18y,
y=1y,

and in matrix form as
T | 18
y | 7Y 1)

. . e
One eigenvector that arises when y =1 is [ 8

1 } , which has magnitude

‘ [ .1515 ] ‘ = /(18)2 + 12 = V1.03 = 1.02.

To find the unit eigenvector associated with A = 6.35, we divide an eigenvector by its magnitude. In this

case the unit eigenvector is
.18

1.02 17
- [ .98]

1
1.02

(a) To find the gradient, we first take the partial derivative with respect to z,

Qi:4gzw+ﬂx+y+ﬂ+af
Or Ox
=y+24 2z,

and the partial derivative with respect to y,

0 0
or = —(ay+20+y+a?+2°
oy 0Oy

=x+ 1+ 692
The gradient is therefore

+ 2+ 22

(b) The Hessian is given by the (2x2) matrix

8% f 8% f

Ox2 Oxdy
H (f (x,y)> =

3% f *f

dx0y oy?
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To find the (1,1) element, the second partial derivative with respect to x and then z again, we take the
partial derivative of % with respect to x:

8f<y+2—i—2aﬂ) =2.
or

To find the (1,2) and (2,1) elements, the second partial derivative with respect to « and then y, we either
take the partial derivative of g—i with respect to y, or the partial derivative of %]yc with respect to x.
These two derivatives are both equal to:

0

f<y+2+2x) =1.

oy

Finally, to find the (2,2) element, the second partial derivative with respect to y and then y again, we
take the partial derivative of % with respect to y:

g (1: +1+ 6y2) = 12y.
dy

So the Hessian is

To find the critical points, we set each element of the gradient simultaneously equal to 0, and solve for
the values of x and y that make this true. The system of equations is

y+2+4+2x=0,
T+ 1+ 6y% = 0.

There are many ways to solve this system, but here’s one approach. We start by solving the first equation
for y,
y=—2x—2,

and substituting for y in the second equation,
r+1+6(—22—-2)?=0,

x4+ 1+6(4a® + 8z +4) =0,
4142422 + 48z +24 = 0,
2412 4+ 49z + 25 = 0,

We can factor this quadratic expression according to the steps outlined in section 1.7.2. This quadratic
expression is ax? 4+ bx + ¢ where a = 24, b = 49, and ¢ = 25. First we multiply a and ¢ together

a X ¢ = 600,
find all pairs of integer factors that also multiply to this product:

1x 600, 2x300, 3x200, 4x150, 5x 120, 6 x 100,
8x 75 10x60, 12x50, 15x40, 20x 30, 24 x 25,

and look for a pair that adds to b = 49. In this case such a pair is 24 and 25. Then we break the middle
term of the quadratic expression into two addends equal to these two factors,

242? + (24 + 252) + 25 = 0,
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place parentheses around the first two and last two terms,
(242® + 24z) + (257 + 25) = 0,
and pull all common factors outside each set of parentheses,
24x(x+1)+25(x+1)=0.
Finally we pull the common parenthetical factor out of both terms,

(x+1)(24z + 25) = 0.

The values of = that solve this equation are -1 and —%. When x = —1, then y equals

_ _25
and when z = —23, y equals

(), % _n 1
vy= 24 12 12 12

Therefore the points (x,y) = (—1,0) and (z,y) = <%g, 112> are critical points for the function.

A critical point represents a local maximum if the Hessian is negative-definite after plugging in the critical
point, and the critical point represents a local minimum if the Hessian is positive-definite after plugging
in the critical point. If the Hessian is neither negative-definite nor positive-definite, then the critical
point represents a saddle point. A matrix is negative-definite when all of its eigenvalues are negative,
and positive-definite when all of its eigenvalues are positive. So here we have to first plug each critical
point we found in part (c) into Hessian we found in part (b), then find the eigenvalues of the resulting
matrix, and check whether the eigenvalues are all negative or all positive.

Plugging the critical point (-1,0) into the Hessian gives us

H<f<_1’0)>zﬁ 121(0)}:H (1)]

To find the eigenvalues, we write

2 1 1 0 2\ 1
AML 0}/\{0 1]{ 1—)\}’

and find the values of A that make the determinant of this matrix equal to 0,

[A=X| = (2=X)(=N)—-(1x1)
A =2\ —-1=0.
In this case we have to use the quadratic formula to solve for A,
2+ 4 —4(1)(-1)
2 )
2+4/8
2 )
L 242V2
==

)\:
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=1++2.

A=1—-V2=—-42 A=1++V2=242

Since this matrix has one positive and one negative eigenvalue, it is neither negative-definite nor positive-
definite and the critical point (-1,0) represents a saddle point.

Plugging the critical point (fg, 112> into the Hessian gives us

2 1
2 1
H<f(_1’0)>: 1 12(112) :[1 1]
To find the eigenvalues, we write
2 1 1 0 2—A 1
A_M_[l 1]‘%01}_{ 11—,\]’

and find the values of A that make the determinant of this matrix equal to 0,

JA-=X| = (2-MN1-X)—(1x1)
= (M-3)2+2)—1
A —3)+1=0.

In this case we again have to use the quadratic formula to solve for A,

NEEESVCEE O
2 b

3++5

S

3—5 3+

= 2.62.
2

Since all of the eigenvalues of this matrix are positive, it is negative-definite and the critical point

25 1 -
(12, 12) represents a local minimum.

7. (a) First, we find the trace, determinant, and eigenvalues of each of the 6 matrices:
. 30
6 4
The trace is 3+4="7.
The determinant is (3 x 4) — (0 x 6)=12.
The eigenvalues are the values A that make the determinant of [ 3 g A 4 E A } equal 0. This

characteristic equation is:
B-XN4-)MN—-(0x6)=0,

(A—3)(A—4) =0,
A=3, 4.
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. 5 —4
-7 2
The trace is 54+2=T7.
The determinant is (5 x 2) — (—4 x —7)=-18.

The eigenvalues are the values A that make the determinant of [ 5__7)\ 2__4/\ } equal 0. This

characteristic equation is:
B-=XN2—-N)—-(-4x-T)=0,
-2)

(A =5)( —28=0,
(A2 —7A+10) — 28 =0,
A —TA—18 =0,
A=9)(A+2)=0,
A=9, —2.

A
A

. -2 2
9 5
The trace is -2+5=3.
The determinant is (—2 x 5) — (2 x 9)=-28.
—-2-A 2

The eigenvalues are the values A that make the determinant of 9 51\

equal 0. This

characteristic equation is:
(—2-N)(B-\) —(2x9) =0,

A+2)(A=5)—18=0,
(A2 =3\ —10) - 18 =0,
A2 —3)\—-28=0,
A=T)(A+4) =0,
A= —4,7.

. 2 -5
-4 2
The trace is 24+-2=4.
The determinant is (2 x 2) — (=4 x —5)=-16.
The eigenvalues are the values A that make the determinant of [ 2__4/\ 2__5/\ } equal 0. This

characteristic equation is:
2=XN)2—-X)—(-4x-=5)=0,

(A—2)2 —20 =0,
(A2 —4X+4)—20=0,
A2 — 4\ —16 =0,

44 /16 — 4(1)(—16)
2 )

)\:
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4+ /16 + 64
2 )

_ 4+4/80

===,

_4x4v5
=

A= (2-2V5), (2+2V5).

. -10 9
6 2
The trace is -104-2=-8.
The determinant is (—10 x 2) — (6 x 9)=-74.

The eigenvalues are the values A that make the determinant of _106_ A 9 2 A\ equal 0. This
characteristic equation is:
(=10—=X)(2—-X)—(6x9)=0,
(A+10)(A—2) =54 =0,
(A2 + 8\ —20) — 54 =0,
A +8A—T4=0,
- —8 £ /64 — 4(1)(—74)
= 5 ,
=8+ /64 + 296
-
_ —8£6V10
-
A = (=4 — 3V10), (=4 + 3V/10).
. 5 4
-2 -6
The trace is 5-6=-1.
The determinant is (5 x —6) — (—2 x 4)=-22.
The eigenvalues are the values A that make the determinant of 5:2)\ B 64— \ equal 0. This

characteristic equation is:
(5—A)(=6—A\) — (=2 x 4) =0,

(A=58)(A+6)+8=0,
(A2 +X—30)+8=0,
A4+ N—22=0,

14T 4(1)(—22)
- . ,

A
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(b) The first three matrices show a clear pattern: the trace is the sum of the eigenvalues and the
determinant is the product of the eigenvalues. With a little work we can show that these properties
hold for the last three matrices as well, when the eigenvalues are not integers. Consider the fourth matrix.
The sum of the eigenvalues is

(2 —2V5) + (2+2V5) =4,

which is the trace, and the product of the eigenvalues isﬂ
(2—2V5)(2+2V5) =4 — (2v/5)2 =4 — 4(5) = —16,
which is the determinant. Next consider the fifth matrix. The sum of the eigenvalues is
(—4 — 3v10) + (—4 + 3V10) = -8,
which is the trace, and the product of the eigenvalues is
(—4 — 3v10)(—4 + 3V10) = 16 — 9(10) = 74,

which is the determinant. Finally, consider the last matrix. The sum of the eigenvalues is

1 89 1 89
_ £ + — -+ £ — ,]_’
2 2 2 2
which is the trace, and the product of the eigenvalues is
L WBON( 1 WB9) 1 89 88 )
2 2 2 2 ) 4 4 4 77
which is again the determinant.
8. This problem asks us to demonstrate that the product QBQ ™', where
0.91 0.35 —0.38 0.26 10.47 0 0 0
0= 0.28 —0.44 0.00 0.64 B_ 0 —-9.21 0 0
| =027 0.83 -0.44 0.03 |’ o 0 0 —7.65 0|’
0.11 0.03 0.81 —-0.72 0 0 0 -—-3.60

and
0.97 —-0.18 —-0.52 0.18
1 0.09 0.92 1.62 0.94
Q= —0.45 2.00 1.19 1.68 |’
-0.35 2.27 1.33 0.57

t’s easiest to use the difference of squares formula to evaluate this product: (a + b)(a — b) = a® — b2.
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is equal to

8§ -1 -8
4 -2 2
A= -5 0 -7
3 =7 =5

3
3
-2
-9

All we have to do is compute the matrix product @QBQ . First, consider the two left factors QB:

0.91 0.35 —-0.38  0.26
0.28 —-044 0.00 0.64
QB = —-0.27 083 —-0.44 0.03
0.11 0.03 0.81 —-0.72

10.47 0 0 0
0 —-921 0 0
0 0 —-7.65 0
0 0 0 —3.60

This product multiplies a (4x4) matrix by another one, so multiplication is conformable and the product is
also (4 x 4). The elements are inner-products of the corresponding row of @ and the corresponding column

of B:
(1,1) element :  (0.91 x 10.47) + (0.35 x 0) + (—0.38 x 0) + (0.26 x 0)
(1,2) element :  (0.91 x 0) + (0.35 x —9.21) + (—0.38 x 0) + (0.26 x 0)
(1,3) element :  (0.91 x 0) + (0.35 x 0) + (—0.38 x —7.65) + (0.26 x 0)
(1,4) element :  (0.91 x 0) + (0.35 x 0) + (—0.38 x 0) + (0.26 x —3.60)
(2,1) element : (0.28 x 10.47) + (—0.44 x 0) + (0 x 0) + (0.64 x 0)
(2,2) element :  (0.28 x 0) + (—0.44 x —9.21) + (0 x 0) + (0.64 x 0)
(2,3) element : (0.28 x 0) 4+ (—0.44 x 0) 4+ (0 x —7.65) 4 (0.64 x 0)
(2,4) element : (0.28 x 0) 4+ (—0.44 x 0) 4+ (0 x 0) + (0.64 x —3.60)
(3,1) element :  (—0.27 x 10.47) + (0.83 x 0) + (—0.44 x 0) + (0.03 x 0)
(3,2) element :  (—0.27 x 0) 4 (0.83 x —9.21) + (—0.44 x 0) + (0.03 x 0)
(3,3) element :  (—0.27 x 0) + (0.83 x 0) + (—0.44 x —7.65) + (0.03 x 0)
(3,4) element :  (—0.27 x 0) + (0.83 x 0) + (—0.44 x 0) + (0.03 x —3.60)
(4,1) element :  (0.11 x 10.47) + (0.03 x 0) + (0.81 x 0) + (—0.72 x 0)
(4,2) element :  (0.11 x 0) 4+ (0.03 x —9.21) + (0.81 x 0) + (—0.72 x 0)
(4,3) element :  (0.11 x 0) + (0.03 x 0) + (0.81 x —7.65) + (—0.72 x 0)
(4,4) element :  (0.11 x 0) + (0.03 x 0) + (0.81 x 0) + (—0.72 x —3.60)
Next we left-multiply this matrix by the inverse of @:
9.53 —-3.22 291 -0.94 0.97 —-0.18 —-0.52
_ 2.93 4.05 0 -2.30 0.09 0.92 1.62

@BQ"=| 553 764 337 —o1l —045 200 1.19

1.15 —0.28 —6.20 2.59 —0.35 2.27 1.33

=9.53,
= —3.22,
=291,
—0.94,
=2.93,
= 4.05,
=0,

= —2.30,
—2.83,
= —7.64,
=3.37,
—0.11,
=1.15,
= —0.28,
—6.20,
= 2.59.

0.18
0.94
1.68
0.57

Again, this product multiplies a (4x4) matrix by another one, so multiplication is conformable and the product
is also (4 x4). The elements are inner-products of the corresponding row of @B and the corresponding column
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of Q71

(1,1) clement :  (9.53 x 0.97) + (—3.22 x 0.09) + (2.91 x —0.45) + (—0.94 x —0.35) =8,
(1,2) element :  (9.53 x —0.18) + (—3.22 x 0.92) + (2.91 x 2.00) + (—0.94 x 2.27) = —1,
(1,3) element :  (9.53 x —0.52) + (~3.22 x 1.62) + (2.91 x 1.19) + (~0.94 x 1.33) = —8,
(1,4) element :  (9.53 x 0.18) + (—3.22 x 0.94) + (2.91 x 1.68) + (—0.94 x 0.57) =3,
(2,1) clement :  (2.93 x 0.97) + (4.05 x 0.09) + (0 x —0.45) + (~2.30 x —0.35) =4,
(2,2) element : (2.93 x —0.18) + (4.05 x 0.92) + (0 x 2.00) + (—2.30 x 2.27) = -2,
(2,3) element : (2.93 x —0.52) + (4.05 x 1.62) + (0 x 1.19) + (—2.30 x 1.33) —9,
(2,4) element : (2.93 x 0.18) + (4.05 x 0.94) + (0 x 1.68) + (—2.30 x 0.57) =3,
(3,1) element : (—2.83 x 0.97) + (—7.64 x 0.09) + (3.37 x —0.45) + (—0.11 x —0.35) = —5,
(3,2) element :  (—2.83 x —0.18) + (—7.64 x 0.92) + (3.37 x 2.00) + (—0.11 x 2.27) = —0,
(3,3) element :  (—2.83 x —0.52) + (—7.64 x 1.62) + (3.37 x 1.10) + (—0.11 x 1.33) = -7,
(3,4) clement :  (—2.83 x 0.18) + (—7.64 x 0.94) + (3.37 x 1.68) + (=0.11 x 0.57) = —2,
(4,1) element :  (1.15 x 0.97) + (—0.28 x 0.09) + (—6.20 x —0.45) + (2.59 x —0.35) =3,
(4,2) element : (115 x —0.18) + (—0.28 x 0.92) + (—6.20 x 2.00) + (2.59 x 2.27) = 7,
(4,3) element : (115 x —0.52) + (—0.28 x 1.62) + (—6.20 x 1.19) + (2.59 x 1.33) = —5,
(4,4) clement :  (1.15 x 0.18) + (—0.28 x 0.94) + (—6.20 x 1.68) + (2.59 x 0.57) = —9,

so the total product is

8 —1 -8 3

4 =2 2 3
-1 _
QBQ™ = -5 0 -7 =2 |’

3 =7 =5 -9

and we’ve demonstrated that QBQ ™! = A.

(a)

The concept we are trying to measure is social capital. We characterize this concept to involve an
individual’s belief that other people can be trusted, and the individual’s inclination to follow societal
rules even when there will be no consequence for breaking them. An individual with a large amount
of social capital will both trust others and will avoid making decisions that can harm others indirectly.
Some of the concepts that we do not want to include in this characterization are: conforming to rules
when sanctions for failing to do so are present, the size of an individual’s social network, an individual’s
societal standing, prestige, or class. In this example, we are representing the concept of social capital
with the survey question on trust and with the battery of questions regarding civic cooperation. In
practice, we would probably want to add additional variables to represent the concept, but this is the
representation for this simple example. We will measure the concept with principle components analysis.

In order to find the eigenvalues of the covariance matrix, we find the determinant of

6.32 — A 4.47
4.47 751 -\ |’

and solve for A\ such that the determinant is 0. The characteristic equation is

(6.32 — \)(7.51 — \) — 4.47% = 0,
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(A —6.32)(\ — 7.51) — 19.98 = 0,
(A? — 13.83)\ +47.46) — 19.98 = 0,
A2 — 13.83)\ +27.48 = 0,
 13.83 4 /(—13.83)2 — 4(1)(27.48)
5 )
~ 13.83 4 /191.27 — 109.92
3 ;

_ 13.83 /8135
- e
_ 13.83£9.02
==

~ 13.83-9.02
o 2

_ 13.83+9.02

A 2

=241, A =11.43.

To find the eigenvectors associated with A = 11.43, we plug this eigenvalue into the above matrix,

6.32 —11.43 4.47 | —5.11 4.47
4.47 7.51—11.43 | 4.47 -3.92 |’

and reduce as much as possible using elementary row operations. This task is trickier because we have
no choice but to deal with the decimals. First we multiply the first row by 4.47/5.11=.875 and add it to
the second row:

—5.11 4.47
0 0 '

This reduction implies the following system of equations,

=511z +4.47y =0,
Y=y,
solving the top equation for z,
x = .875y,
Y=y,

so in matrix notation the eigenvectors associated with A = 11.43 are

M

1
the length of this vector and divide the vector by it’s length. The length is

‘ [ '8175 ‘ =1/.875% +12 = 1.33.

A particular eigenvector that arises when y = 1 is . To find the unit eigenvector, we compute

Therefore the unit eigenvector associated with A = 11.43 is
1 [ .875 | [ .658
133 1 | B2 |

To find the eigenvectors associated with A = 2.41, we plug this eigenvalue into the above matrix,

6.32 —2.41 4.47 ]

3.91 447
4.47 7.51 —2.41 ’

4.47 5.1
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and reduce as much as possible using elementary row operations. First we multiply the first row by
-4.47/3.91=-1.14 and add it to the second row:

3.91 447
0 0

This reduction implies the following system of equations,
3.91x +4.47y =0,
Y=y,

solving the top equation for z,

x = —1.14y,
y =1y,

S0 in matrix notation the eigenvectors associated with A = 2.41 are

2] )

1
the length of this vector and divide the vector by it’s length. The length is

A particular eigenvector that arises when y =1 is . To find the unit eigenvector, we compute

’ |: —11_14 ] ’ _ (_1.14)2 +12 = 1.52.

Therefore the unit eigenvector associated with A = 2.41 is

1 [—1147 [ =75
152 1 || 658 |

(c) The variance explained by the larger eigenvalue is

11.43

Y g9 £
11.43 + 2.41 percen

(d) To create an index for social capital, we consider the largest eigenvalue and its unit eigenvector, and
use the elements of this unit eigenvector to weight the observed variables that generated the covariance
matrix. In part (b) we found that the largest eigenvalue is A = 11.43 and that its unit eigenvector is

.658
752 |

Therefore the equation for the social capital index is
Social capital = .658 x Trust + .752%x Civic Cooperation.

Including this index in the data gives us the following table:
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Obs. | Trust | Civic Cooperation Social Capital
1 4 2 .658(4)+.752(2)=4.1
2 7 10 .658(7)+.752(10)=12.1
3 3 6 .658(3)+.752(6)=6.5
4 8 9 .658(8)+.752(9)=12.0
5 9 7 .658(9)+.752(7)=11.2
6 2 3 .658(2)+.752(3)=3.6
7 9 6 .658(9)+.752(6)=10.4
8 5 3 .658(5)+.752(3)=>5.5
9 6 4 .658(6)+.752(4)="7.0
10 8 8 .658(8)+.752(8)=11.3

10. This is a hard problem. Usually, researchers quickly turn to computers to process the tedious calculus involved
with a problem like this. But it is worthwhile to struggle through one of these problems by hand, to get a
strong sense of what the computer does and why. Be patient and careful as you work through the steps.
Generally speaking, because we are rounding here to the third decimal place, our results by hand will be
slightly different from the results we would get by using a computer, so don’t be surprised to see small
discrepancies if you compare these results to computer output.

(a) The cross-tabulation can be written as

M_[452 174].

82 292

To calculate P, we find the sum of all elements in the cross-tab, 452 + 174 4+ 82 4+ 292 = 1000, and divide

every element of M by this sum,
p_ [ 452 174 }

.082 .292

(b) R is a vector that contains the row sums of P,

[ 0.626 ]
B=1 0374 |

and C' is a vector that contains the column sums of P,

[ 0.534 ]

¢= | 0.466 |

The matrix D, is square with as many rows as R, has zeroes for the off-diagonal elements, and contains
the square roots of the elements of R on its diagonal:

D - v/0.626 0] T[o719 0
" 0 0.3714 | — 0 0611 |-

Likewise, the matrix D, is square with as many rows as C, has zeroes for the off-diagonal elements, and
contains the square roots of the elements of C' on its diagonal:

b _ [ V0531 0] [o0731 0
c 0 V0466 | 0 0.682 |

46



(¢) To calculate the matrix S = D,.(P — RC") D, all we have to do is plug in these matrices and perform the
calculations. Let’s work step by step starting with RC’:

0.626

’_
R = [ 0.374

} [ 0.534 0466 | = [ 0.334  0.292 } |

0.200 0.174

Next let’s calculate P — RC’,

P_RC — 452 174 | 0334 0.292 | 0.118 —0.118
| 082 292 0.200 0.174 |~ | —0.118 0.118 |-

Next we calculate D, (P — Rc'),

D.(P— RC') = [ 0.719 0 } { 0.118 —0.118 ]

0.093 —0.093
0 0.611 —-0.118  0.118 '

-0.072  0.072

Finally, we right-multiply this product by D,
_ it _ 0.093 —0.093 0.731 0| 0.068 —0.064
§=D,(P-RC)D. = [ —0.072  0.072 } { 0 0.682 ] o { —0.053  0.049 ] '

(d) To find SS’, we simply multiply

gor_ [ 0068 —0.064 ][ 0068 —0.053] _[ 0009 —0.007 ]
T —0053 0049 || —0.064 0.049 | T | —0.007  0.005

Likewise, to find S’S, we multiply

g5 = [ 0068 —0.053 ][ 0.068 —0.064 1 [ 0.007 —0.007 ]
| —0.064 0.049 || —0.053  0.049 | ~ | —0.007  0.007

(e) First consider SS’. To find the eigenvalues of this matrix, we have to solve the characteristic equation

0.009 — X —0.007 || 0
—0.007 0.005 — A o

(.009 — A\)(.005 — \) —.007% =0,
(A —.009)(\ — .005) —.000049 = 0,
A2 — 014\ + .000045 — .000049 = 0,

A2 — 014X — .000004 = 0.

The third term is close enough to 0 for us to round it to 0 (and anyway, if we wanted to perform arithmetic
at the sixth decimal place we’d be using computers to do so), and so the eigenvalues of SS’ are

A2 — 014X =0
A\ —.014) =0,
A=0, A=.014.
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(f) In this step, we only have to rearrange the results we calculated in the previous step. U is the matrix of

unit eigenvectors of S.5’, so
U — —0.791 —0.612
o 0.612 —-0.791 |’

3} is the diagonal matrix that contains the square roots of the eigenvalues on the diagonal:

o[ A]-[*% 2]

Finally, V is the matrix of unit eigenvectors of S’S, so

V= { —0.731 —0.683 ] .

0.683 —0.731

Recall that
g - 0.068 —0.064
| —0.053 0.049 |-

If U, ¥, and V comprise the singular value decomposition of .S, then
S=UxV".

We have to compute UX V'’ and show that it is equal to S. First, let’s compute UX:

Uy — —-0.791 -0.612 0118 0| | —0.093 0
o 0.612 —0.791 0 0| 0.072 0 |-

Next we compute UXV":

— [ —0.093 0 } [ —0.731  0.683 ] 3 { 0.068 —0.064 } .

0.072 0 —0.683 —0.731 | | —0.063  0.049

So we have confirmed this singular value decomposition.

(g) To find the coordinates for the categories that comprise the rows of the cross-tabulation, we calculate
D, U%X. In the previous step we calculated UX. To complete the product we multiply

[ 0.719 01][ —0.003 0 —0.074 0
DUZ=1""9 o611 || o072 0 } - [ 0.044 0 }
To find the coordinates for the categories that comprise the columns, we calculate D.V'3:
[ 0.731 01][ —0.731 —0.683 0.118 0
DV = i 0 0682 || 0683 -—0.731 } { 0 0 }

| —0.534  0.499 0118 0| | —0.063 O
| —0.466 —0.499 0 0] | —0055 0 |°

The coordinates for the categories that appear in the cross-tabulation are as follows:

Category ‘ First latent variable ‘ Second latent variable
Fewer than 3 drinks per week -0.074 0
3 or more drinks per week 0.044 0
Regular smoker: No -0.063 0
Regular smoker: Yes -0.055 0

All of the coordinates for the second latent variable turn out to be zero — we do not have enough data
to make a statement about a second dimension that underlies the data.
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(h) The plot of these points (on a number line since there’s no second dimension) is below:

Fewer than . 3 or More
3 Drinks Smoking: Drinks Per

Per Week Yes Week

\I/ -0 .063\1/
__ o oo } o
-0.074 -0.055 0 0.044
Smoking:
No

The first latent variable indicates the similarity between categories. The standout is the “3 or more
drinks per week” category.
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