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[bookmark: _GoBack]Exercises
Chapter 9: Sampling and the Normal Probability Model
	Consider a deck of 52 playing cards as a sample space/population, and the drawing of a card as a random selection experiment. If we consider the point values of each card as a property (X), we have the following values of X and the number of cards having each of these values (Table 9.12):
Table 9.12
Distribution of the Various Point Values (X) in a Deck of 52 Playing Cards
	Point Value
	Number of Cards

	1 (Ace)
	4

	2
	4

	3
	4

	4
	4

	5
	4

	6
	4

	7
	4

	8
	4

	9
	4

	10
	4

	11 (Jack)
	4

	12 (Queen)
	4

	13 (King)
	4

	Total
	52



We can then describe the probability model represented by the random selection of a card from the deck (Table 9.13):
Table 9.13
Probability Distribution of the Various Point Values (X) in a Deck of 52 Playing Cards
	Point Value
	Number of Cards
	Probability of Selection

	1 (Ace)
	4
	4∕52 = 0.077

	2
	4
	4∕52 = 0.077

	3
	4
	4∕52 = 0.077

	4
	4
	4∕52 = 0.077

	5
	4
	4∕52 = 0.077

	6
	4
	4∕52 = 0.077

	7
	4
	4∕52 = 0.077

	8
	4
	4∕52 = 0.077

	9
	4
	4∕52 = 0.077

	10
	4
	4∕52 = 0.077

	11 (Jack)
	4
	4∕52 = 0.077

	12 (Queen)
	4
	4∕52 = 0.077

	13 (King)
	4
	4∕52 = 0.077

	Total
	52
	1.00



As a note of interest, this probability distribution would be described as uniform because each of the values of the property X can be expected to occur with the same probability. Nevertheless, we can describe a typical selection--or card draw--as the expected value of X (Table 9.14):
Table 9.14
Worktable for Assessing the Expected Point Value E(X) = μ of a Draw From a Deck of 52 Playing Cards
	Point Value
	Probability of Selection
	Contribution to E(X) Value  p(Selection)

	1 (Ace)
	0.077
	1  0.077 = 0.077

	2
	0.077
	2  0.077 = 0.154

	3
	0.077
	3  0.077 = 0.231

	4
	0.077
	4  0.077 = 0.308

	5
	0.077
	5  0.077 = 0.385

	6
	0.077
	6  0.077 = 0.462

	7
	0.077
	7  0.077 = 0.539

	8
	0.077
	8  0.077 = 0.616

	9
	0.077
	9  0.077 = 0.693

	10
	0.077
	10  0.077 = 0.770

	11 (Jack)
	0.077
	11  0.077 = 0.847

	12 (Queen)
	0.077
	12  0.077 = 0.924

	13 (King)
	0.077
	13  0.077 = 1.000

	Total
	1.00
	7.00 (rounded)




Thus, the expected point value of a draw from a deck of playing cards is 7. Furthermore, we can find the standard deviation we might expect from this selection (Table 9.15):

Table 9.15
Worktable for Assessing the Standard Deviation in the Point Values Expected in a Draw From a Deck of 52 Playing Cards
	Point Value
	Difference From Mean (∆)
	Difference Squared (∆2)
	Probability of Selection
	Contribution to σ2 ∆2  p(Selection)

	1 (Ace)
	1 – 7 = –6
	36
	0.077
	36  0.077 = 2.772

	2
	2 – 7 = –5
	25
	0.077
	25  0.077 = 1.925

	3
	3 – 7 = –4
	16
	0.077
	16  0.077 = 1.232

	4
	4 – 7 = –3
	9
	0.077
	9  0.077 = 0.693 

	5
	5 – 7 = –2
	4
	0.077
	4  0.077 = 0.308

	6
	6 – 7 = –1
	1
	0.077
	1  0.077 = 0.077

	7
	7 – 7 = 0
	0
	0.077
	0  0.077 = 0.00

	8
	8 – 7 = 1
	1
	0.077
	1  0.077 = 0.077

	9
	9 – 7 = 2
	4
	0.077
	4  0.077 = 0.308

	10
	10 – 7 = 3
	9
	0.077
	9  0.077 = 0.693

	11 (Jack)
	11 – 7 = 4
	16
	0.077
	16  0.077 = 1.232

	12 (Queen)
	12 – 7 = 5
	25
	0.077
	25  0.077 = 1.925

	13 (King)
	13 – 7 = 6
	36
	0.077
	36  0.077 = 2.772

	Total
	--
	--
	1.00
	
14.00 points2 (rounded), thus σ =  points2 = 3.74 points



1. You are somewhat skeptical regarding the mathematical relationship between probability theory and statistics set forth in the Central Limit Theorem, and you decide to test the relationship through a simulation. In this simulation, you decide to collect a set of 30 samples, each consisting of three independent draws from a deck of playing cards. For each sample, you will then determine the mean value of those selections. More specifically, 
· you select a card,
· the point value is recorded,
· the card is returned to the deck,
· the deck is shuffled, and
· another card is drawn.
The mean point value of the three selected cards is then determined as shown in Table 9.16:
Table 9.16
Mean Point Value of a Sample of Three Independent Card Selections From a Deck of 52 Playing Cards
	Selection 1
Point Value (V1)
	Selection 2
Point Value (V2)
	Selection 3
Point Value (V3)
	Mean Point Value
(V1 + V2 + V3)∕3



After generating these 30 sample means, you can now conduct your analysis:
a) Construct the relative frequency distribution of the 30 sample means.
b) 

Find the mean value of this relative frequency distribution (. That is, find the mean value of the 30 sample means. Compare this with the expected value for a single draw E(X) = μ.
c) 

[bookmark: MTBlankEqn]Find the standard deviation (s) of the distribution of the sample mean point values. Compare this with the standard error of the mean = σ∕ = σ ∕.
d) Draw the frequency polygon of the relative frequency distribution and describe its shape. How does it compare to a normal distribution?
e) Construct the cumulative relative frequency distribution. Then, using the techniques developed in Chapter 4:
· 

Find the relative frequency of sample means with a value less than ( + s) but greater than ( – s). 
Understanding that a simulation is, itself, a sample and samples can only approximate a theoretical result, how does this simulation result compare with the expectations of the Central Limit Theorem of 0.682?
· 

Find the relative frequency of sample means with a value greater than ( + 2s) or less than ( – 2s). 
Again, understanding your simulation can only be expected to approximate a theoretical prediction, how does this simulation result compare with the expectations of the Central Limit Theorem of 0.046?
f) Develop your conclusion: Are you convinced of the veracity of the Central Limit Theorem?
(A Three-Card Simulation is available as an Excel Spreadsheet: Bruhl_09_2017_Three Card Draw Simulation)
1) Presuming your simulation has persuaded you to accept the validity of the Central Limit Theorem, you enter a gambling establishment in a jurisdiction in which gambling is legal. The first game you encounter is one in which you place a $10 stake to win an additional $5 if you can correctly guess the point value of a card chosen from a shuffled deck. If your guess is incorrect; however, $2 is deducted from your $10 stake for every point difference between the chosen card and your guess. For example, if you guessed a point value of 10 and the chosen card had a point value of 13, a total of
$2  3 = $6
is deducted from your $10 stake. (As a note of interest, this “game” is not dissimilar from the models used in financial investment theory.) 
a) If you were to play this game, what would be your guess as to the point value of the chosen card? That is, what is the expected value of X for a single selection from this sample space? E(X) = 7.0
b) How much can you expect to potentially lose if your guess is not correct? That is, what is the expected variation from the expected value of X, and how much would such variation cost in terms of a deduction from your stake?
Standard deviation = 3.74 points
Expected potential loss = 3.74  $2 penalty = $7.48 
c) Would you care to play this game? Why, or why not?
Expected potential gain = $5  probability of correct selection = $5  0.077 = $3.85
Expected potential loss = 3.74  $2 = $7.48
Expected potential gain – Expected potential loss = $3.85 – $7.48 = –$3.63
2) The second game you encounter is similar to the first, except that this game involves a series of five independent selections from a deck of playing cards (similar to your simulation experiment), and the objective of the game is to guess the mean point value of the five cards selected. As in the previous game, you are required to place a $10 stake with the opportunity to win an additional $5 if your guess is correct. If your guess is incorrect, $3 is deducted for every point difference between your guess and the actual mean point value (up to the entire value of your stake). For example, if your guess is 5 points and the actual mean point value is 8, a total of
$3  3 = $9
is deducted from your $10 stake. (Again, as a note of interest, this “game” is also similar to models used in financial investment theory.)
a) If you were to play this game, what would be your guess as to the mean point value of the five selected cards? That is, what is the expected mean value for a sample of five independent selections from this sample space?
E(X + X + X + X + X) = E(X) + E(X) + E(X) + E(X) + E(X) = 7 + 7 + 7 + 7 + 7 = 35
Mean = 35∕5 = 7
b) How much can you expect to potentially lose if your guess is not correct? That is, what is the expected variation from the expected mean value for a sample of five independent selections from this sample space? (Hint, what is the standard error of the mean?) How much would such variation cost in terms of a deduction from your stake?

Standard error of the mean = Standard deviation∕
Standard deviation = 3.74 points; size of sample = 5

S.E. = 3.74∕ = 3.74∕2.24 = 1.67
Expected potential loss = $3  1.67 = $5.01
c) Would you care to play this game? Why or why not?
Maximum potential gain = $5.00
Expected potential loss = $5.01
(A Five-Card Simulation is Available as an Excel Spreadsheet: Bruhl_09_2017_Five Card Draw Simulation)
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