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Chapter 6: The z-Transformation and Standardization
	An Instructor of a course in Inorganic Chemistry, Professor B, has given a midterm examination, and the students’ scores are displayed in Table 6.9:
Table 6.9
Inorganic Chemistry Exam Scores by Student (100 points maximum)
	Student 1,
45 points
	Student 2,
59 points
	Student 3,
67 points
	Student 4,
72 points
	Student 5,
84 points

	Student 6,
44 points
	Student 7,
58 points
	Student 8,
66 points
	Student 9,
72 points
	Student 10,
83 points

	Student 11,
43 points
	Student 12,
55 points
	Student 13,
64 points
	Student 14,
70 points
	Student 15,
80 points

	Student 16,
42 points
	Student 17,
48 points
	Student 18,
63 points
	Student 19,
70 points
	Student 20,
77 points

	Student 21,
59 points
	Student 22,
47 points
	Student 23,
63 points
	Student 24,
68 points
	Student 25,
77 points

	Student 26,
57 points
	Student 27,
46 points
	Student 28,
62 points
	Student 29,
68 points
	Student 30,
76 points



	One way of assigning grades for such an examination is to assume each score directly represents the student’s mastery of the material. For example:
· a score of 90 or above indicates mastery of 90% of the material, typically earning a grade of “A;”
· a score of 80–89 indicates mastery of 80% of the material, typically earning a grade of “B;”
· a score of 70–79 indicates mastery of 70% of the material, typically earning a grade of “C;”
· a score of 60–69 indicates mastery of 60% of the material, typically earning a grade of “D;” and
· a score of less than 60 indicates mastery of less than 60% of the material, typically earning a grade of “F.”
However, it is also understood that the process of instruction as the impartation of “knowledge” and the process of testing as the assessment of “learning” are both intrinsically imperfect, and an alternative method of assessing a student’s mastery of a subject can be approximated by comparing each student’s test responses to those of the student’s cohort of fellow students who were exposed to the same materials presented by the same instructor. While this approach to assessment is also problematic in that it imposes an implicit competition among the students, the approach is used in many testing contexts. To begin with, this “Implicit Competition” model of evaluation is based on the fact that the students of the cohort can be placed in order--either ascending or descending--according to their examination test scores. Grades can then be assigned by grouping together students having similar scores presuming to represent similar levels of mastery. In a “linear” scheme of grading, the students can be grouped into five sections, said to be “quintiles,” with each group accounting for one-fifth--or 20%--of the distribution. In such a model,
· those in the top 20% of the distribution would be assigned a grade of “A,”
· those in the next 20% would be assigned a grade of “B,”
· those in the next 20% of the distribution would be assigned a grade of “C,”
· those in the penultimate 20% of the distribution would be assigned a grade of “D,” and
· those in the ultimate 20% of the distribution would be assigned a grade of “F.”
	While the “linear” model is straightforward, an alternative grading scheme can be employed in which the statistics of the distribution of the students’ scores can be used to group the students in terms of
· “average” scores,
· “above average” scores,
· “extraordinarily above average” scores,
· “below average” scores, and
· “extraordinarily below average” scores.
In such a scheme, the instructor identifies the typical--or average--score to be represented by the mean score (x̅) of the distribution, and the typical--or average--difference from the average score to be represented by the standard deviation (s) of the distribution of scores. “Average scores” may then be considered to be those found in the range of
x̅ – s and x̅ + s
representing the typical score and the typical difference from the typical score. As for the designations “above average” and “extraordinarily above average,” a convenient scale of differentiation is provided by the standard deviation statistic. That is, if the value s represents the typical amount of variation in the reported scores, the instructor can reasonably (but arbitrarily) designate the value (2  s) = 2s to indicate “extraordinary” variation in the reported scores. Thus, any score with a value of x̅ + 2s or greater may be considered to be “extraordinarily above average.” Consequently, any score with a value between
x̅ + s and x̅ + 2s
would be identified as simply “above average.” Similarly, the instructor would define any score with a value less than or equal to x̅ – 2s to be “extraordinarily below average” and any score with a value between
x̅ – s and x̅ – 2s
would be identified as simply “above average.” Table 6.10 provides a summary of this grading scheme:
Table 6.10
Grading Scheme for Inorganic Chemistry Examination Given by Professor B Based on the Score Distribution Statistics x̅ and s
	 Score (x)
	Comparative Mastery of Material
	Grade

	x > x̅ + 2s
	Extraordinarily above average
	A

	x̅ + 2s > x > x̅ + s
	Above average
	B

	x̅ + s > x > x̅ – s
	Average
	C

	x̅ – s > x > x̅ – 2s
	Below average
	D

	x < x̅ – 2s
	Extraordinarily below average
	F



In sum, the grading scheme chosen by Professor B assesses each student’s score in terms of the mean and standard deviation of the scores of that student’s cohort taking that particular Inorganic Chemistry examination.
	Now, it may also be recalled from the preceding discussion that a set of observations may be restated in terms of the mean and standard deviation of the distribution of values that those observations represent. Professor B is aware of the concept of the z-transformation, and she applies the z-transformation to the scores of her students. That is for each score x, she calculates the z-score:
z = (x – x̅)∕s.
Moreover, Professor B also applies the z-transformation to the scores defining the grading scale:
· For x > x̅ + 2s,
x is transformed to (x – x̅)∕s = z and
x̅ + 2s is transformed to (x̅ + 2s – x̅)∕s = 2.
This gives the transformed grading criterion of z > 2.
· For x̅ + 2s > x > x̅ + s,
x̅ + 2s is transformed to (x̅ + 2s – x̅)∕s = 2,
x is transformed to (x – x̅)∕s = z, and
x̅ + s is transformed to (x̅ + s – x̅)∕s = 1.
This gives the transformed grading criterion of 2 > z > 1.
· For x̅ + s > x > x̅ – s,
x̅ + s is transformed to (x̅ + s – x̅)∕s = 1,
x is transformed to (x – x̅)∕s = z, and
x̅ – s is transformed to (x̅ – s – x̅)∕s = –1.
This gives the transformed grading criterion of 1 > z  > –1.
· For x̅ – s > x > x̅ – 2s,
x̅ – s is transformed to (x̅ – s – x̅)∕s = –1,
x is transformed to (x – x̅)∕s = z, and
x̅ – 2s is transformed to (x̅ – 2s – x̅)∕s = 2.
This gives the transformed grading criterion of –1 > z > –2.
· For x < x̅ – 2s,
x is transformed to (x – x̅)∕s = z, and
x̅ – 2s is transformed to (x̅ – 2s – x̅)∕s = –2.
This gives the transformed grading criterion of z < –2.
Table 6.11 provides a recapitulation of these transformations:
Table 6.11
Grading Scheme for Inorganic Chemistry Examination Given by Instructor “K” Based on the Score Distribution Statistics x̅ and s and Scores Standardized with the z-Transformation
	Score (x)
	Standardized Score (z)
	Comparative Mastery of Material
	Grade

	x > x̅ + 2s
	z > 2
	Extraordinarily above average
	A

	x̅ + 2s > x > x̅ + s
	2 > z > 1
	Above average
	B

	x̅ + s > x > x̅ – s
	1 > z > –1
	Average
	C

	x̅ – s > x > x̅ – 2s
	–1 > z > –2
	Below average
	D

	x < x̅ – 2s
	z < –2
	Extraordinarily below average
	F



You are the teaching assistant for Professor B:
a) Construct the frequency distribution report and relative frequency report for the scores reported for this Inorganic Chemistry examination.

Scored Grades for an Inorganic Chemistry Examination Given by Instructor “K”
	Score
	Frequency
	Relative Frequency

	42
	1
	0.033

	43
	1
	0.033

	44
	1
	0.033

	45
	1
	0.033

	46
	1
	0.033

	47
	1
	0.033

	48
	1
	0.033

	55
	1
	0.033

	57
	1
	0.033

	58
	1
	0.033

	59
	2
	0.067

	62
	1
	0.033

	63
	2
	0.067

	64
	1
	0.033

	66
	1
	0.033

	67
	1
	0.033

	68
	2
	0.067

	70
	2
	0.067

	72
	2
	0.067

	76
	1
	0.033

	77
	2
	0.067

	80
	1
	0.033

	83
	1
	0.033

	84
	1
	0.033

	Total
	30
	0.996



b) Construct the relative frequency polygon for this set of reported scores.

Relative Frequency Polygon Showing the Distribution of Scores on an Inorganic Chemistry Examination 


c) Find the mean score for this set of reported scores. Mean = 62.83
d) Find the standard deviation of this set of reported scores. SD = 12.22
e) Standardize each student’s score using the z-transformation.

z-Score Grades for an Inorganic Chemistry Examination Given by Instructor “K”
	Score
	z-Score = Standardized Score
	Grade

	42
	–1.70
	D

	43
	–1.62
	D

	44
	–1.54
	D

	45
	–1.46
	D

	46
	–1.38
	D

	47
	–1.30
	D

	48
	–1.21
	D

	55
	–0.64
	C

	57
	–0.48
	C

	58
	–0.40
	C

	59
	–0.32
	C

	62
	–0.07
	C

	63
	–0.01
	C

	64
	0.10
	C

	66
	0.26
	C

	67
	0.34
	C

	68
	0.42
	C

	70
	0.59
	C

	72
	0.75
	C

	76
	1.08
	B

	77
	1.16
	B

	80
	1.40
	B

	83
	1.65
	B

	84
	1.73
	B

	Total
	
	



f) Construct the frequency distribution report and relative frequency report for the standardized scores reported for this Inorganic Chemistry examination.




Standardized Scores for an Inorganic Chemistry Examination Given by Instructor “K”
	Score
	Frequency
	Relative Frequency

	–1.70
	1
	0.033

	–1.62
	1
	0.033

	–1.54
	1
	0.033

	–1.46
	1
	0.033

	–1.38
	1
	0.033

	–1.30
	1
	0.033

	–1.21
	1
	0.033

	–0.64
	1
	0.033

	–0.48
	1
	0.033

	–0.40
	1
	0.033

	–0.32
	2
	0.067

	–0.07
	1
	0.033

	–0.01
	2
	0.067

	0.10
	1
	0.033

	0.26
	1
	0.033

	0.34
	1
	0.033

	0.42
	2
	0.067

	0.59
	2
	0.067

	0.75
	2
	0.067

	1.08
	1
	0.033

	1.16
	2
	0.067

	1.40
	1
	0.033

	1.65
	1
	0.033

	1.73
	1
	0.033

	Total
	30
	0.996



g) Construct the relative frequency polygon for this set of standardized scores.

Relative Frequency Polygon Showing the Distribution of Standardized Scores on Inorganic Chemistry Examination 


h) Find the mean score for this set of standardized scores. Mean = 0.00
i) Find the standard deviation of this set of standardized scores. SD = 1.00
j) Assign each student a grade based on his or her standardized score.

Inorganic Chemistry Standardized Grades
	Student 1,
D
	Student 2,
C
	Student 3,
C
	Student 4,
C
	Student 5,
B

	Student 6,
D
	Student 7,
C
	Student 8,
C
	Student 9,
C
	Student 10,
B

	Student 11,
D
	Student 12,
C
	Student 13,
C
	Student 14,
C
	Student 15,
B

	Student 16,
D
	Student 17,
D
	Student 18,
C
	Student 19,
C
	Student 20,
B

	Student 21,
C
	Student 22,
D
	Student 23,
C
	Student 24,
C
	Student 25,
B

	Student 26,
C
	Student 27,
D
	Student 28,
C
	Student 29,
C
	Student 30,
B



k) Construct a frequency distribution report of the assigned grades, beginning with the category “A,” and continuing with “B,” “C,” “D,” and “F.” In this regard, the property “grade” is ordinal.
l) Construct the relative frequency distribution report of the assigned grades, beginning with the category “A,” and continuing with “B,” “C,” “D,” and “F.”

Grades Assigned for an Inorganic Chemistry Examination Given by Instructor “K”
	Grade
	Frequency
	Relative Frequency

	A
	0
	0.00

	B
	6
	0.20

	C
	17
	0.57

	D
	7
	0.23

	F
	0
	0.00

	Total
	30
	1.00



m) Display the relative frequency distribution report of the assigned grades as a bar graph.

Grades for an Inorganic Chemistry Examination Given by Instructor “K”


n) Advise Professor B with your appraisal of the students’ performance on this examination. Include in your analysis a comparison of the mean reported score, highest reported score, and lowest reported score in terms of the implied “percentage mastery” of the material as assessed on an objective scale rather than the cohort comparative scale.
The students’ standardized performance suggests a uniformly “moderate” level of mastery, with no extraordinarily high (A) or low (F) scores
The mean “raw” score of 62.38 of 100 possible points suggests a typical understanding level of less than two thirds of the material
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